LECTURE 7: INTERPOLATION IN H?*(D) AND H*(D)

We are now interested in the following question: Given a collection of points Z = {2;}32,

in D and a sequence of numbers {a;}32, does there exist a function f that interpolates the
values a; at the points z;. Namely, can we find a function such that

f(z) = a; Vj.
We now make this question more precise.

Definition 0.1. The sequence Z = {z;} is called an H>°(ID)-interpolating sequence if for every
a = {a;} € (> there exists a function f € H*(D) such that

f(z) =a; Vj
Note that, as we have seen, the functional f — f(z) is continuous on H?(D) with norm
(1 —1z/*)z. So, the map f — {f(z)(1 - \zj|2)%} is bounded from H?*(D) to ¢*°. We now
want to know if it is bounded as a map to a smaller space, ¢2. This is the content of the
following definition.

Before the next definition, for the sequence Z let ¢?(uyz) be the space of all sequences
a = {a;} such that

2 2
Dol (1= 12) = llallzz,,) < oo
j=1

Definition 0.2. The sequence Z = {z;} is called an H?*(D)-interpolating sequence if for every
a = {a;} € (*(uz) there exists a function f € H*(D) such that

f(z) =a; Vj.

We first want to show that it if is possible to do the interpolation, then it is possible to
do so with some norm control.

Proposition 0.3. Suppose that Z is a H*®-interpolating sequence. Given a sequence a € {*°
there ezists a function f € H®(D) such that f(z;) = a; and a constant C' such that

1l < Cllallge -

Exercise 0.4. Prove this proposition. Hint Use the Open Mapping Theorem applied to the
operator T' : H>® — (> given by Tf(j) = f(2;).

We can then let
Mz = sup inf{[|f|:f€H*D): f(z)=qa; Vj}

llajll <1
denote the constant of interpolation for the sequence Z. The characterization of the interpo-
lating sequences Z that we give will show that M, can be controlled in terms of information
about the sequence Z.

Lemma 0.5. Suppose that Z is an interpolating sequence for H*(D). Then there exists a
constant C' such that for every a € (*(uz) there is an f € H*(D) satisfying

(i) f(z) = a;;



(ii) Hf||H2(1D>) <C ||a||z2(uz)-
The proof is an application of the Closed Graph Theorem.

Proof. Set M := {f € H*(D) : f(z;) = 0 Vz; € Z}. Then since point evaluations are
continuous M is closed. Thus, we have H*(D) = M & M=*. Let Pt denote the projection of
H?*(D) onto M*. Then if a € £*(uz) and f, € H*(D) satisfies f,(z;) = a; then we have that
Pt f.(z;) = a; with the Pt f, the unique element in M*. Then Aa := P*f, defines a linear
map from ¢?(puz) to M*.

One can then show that the graph of A is closed in £%(uz) x M=*. If we have (a*, Aa*) —
(a,h) € (?(uz) x ML, the for each fixed j as k — oo we have

af — a; and Aa¥(z;) — h(z;).

However, Aa*(z;) = (RP*f,); = a}, and this then shows that h(z;) = a; = Aa(z;) for all
4, and so by uniquness in M~ that Aa = h, namely that (a, h) is the the graph of A.
Since the graph is closed, and application of the closed graph theorem implies that A is

continuous. So, we then take f(z) := Aa(z). This function then proves the Lemma. O

We have thus seen that solving these interpolation problems in either H>*(D) and in H*(D)
is equivalent to solving them with some norm control. The following Theorem of Carleson
is important in our study of these questions.

Theorem 0.6 (Carleson, [1], Shapiro, Shields [3]). The following are equivalent.
(a) The sequence Z is H*(D)-interpolating;
(b) The sequence Z is H*®(D)-interpolating;
(c) The sequence Z is separated in the pseudo-hyperbolic metric and generates a H?-
Carleson measure. In particular, Y, _,(1 — |Zj|2)6zj is a H*(D) Carleson measure

ZjEZ
and
Zi— 2
inf| 2 —*1>5>0
i#k |1 — Zkz;

(d) The sequence Z is strongly separated, namely there exists a constant § > 0 such that

I
1 —Zkz;

ik

inf >6>0

J

We remark that some of these conditions were not explicitly pointed out in the paper
by Carleson. Additionally, the result about H?Interpolation was obtained by Shapiro and
Shields, [3]

In the interest of seeing all the connections that hold, and the resulting situation when we
change to the Dirichlet space, we will show as many of these connections as possible.

Equivalence between (d) and (c). First, suppose that (d) holds. Since each factor

T <1 Ak
1 —Zkz;
clearly we have that (d) implies
inf % __Zk >4 > 0.
i#k |1 — Ziz;




Next observe that we have

2logd < log H i _Zk
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This estimate gives that
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However, by our proof of the Carleson Embedding Theorem, we thus have that for all

f € H*(D) that
Zm 15 < (1+1og )nfnm

(Note that the proof of the Carleson embedding theorem that we actually gave showed
that u is a H?*(D)-Carleson measure if and only if

[P duz) < C i) ¥ € supp

See Theorem 0.1 from Lecture 2.)
Thus we have shown that (d) implies (c). We now turn to showing that (c) implies (d).
Note that by the Carleson measure hypothesis of (c) we have that

. Z 1_|z]| (- [af) 5~ 0= 15P0 - Jaf)

sz 1 —Zal”

2jF# 2k

Now, we apply the following trivial inequality for a*> < ¢ < 1 that

(1-1) < (1+210gé) (1-1).

Since we have that the sequence Z is separated we have that

21
~logt < — sk

—a?
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inf
i#k

1 — %5z



we apply the trivial inequality with ¢ = |£ ;:Z’f] and a = § to obtain
1 1 1— |z — |z
C(1+2log—> > (1+210g—> 3 (1= Iz 2|Z’“| )
0 0 £ ’1 - Z_Jzk|
2 F# 2k
Zj — 2k

)

1 —Zkz;

O

(a) implies (d) (implies (c)). First, lets see that we can easily obtain one half of the condi-
tion appearing in (c). If Z is an interpolating sequence for H?(D), then by Lemma 0.5 we
know that there is a solution to the interpolation problem f(z;) = a; satisfying

1 2y < C D lag* (1= 1z*)
j=1

with C independent of the sequence {a;}. Fix j and let a; := §;;. Then we can find
f € H*(D) such that f(z;) = d,; and

2
120y <

Next observe that for any constant a we have
<f, k., — akzzl>H2(D) =1.
An application of Cauchy—Schwarz and the reproducing kernel property implies that

C’ 2
LS gy (he () = 2Refarks (2) + laf b (2) -

Now choose a = [F=1 (i) [/, )
kz (2 )\/m

o (2)] u—wmuwM>g@_§).

. Simple algebra then produces that

ke (20)ks; (25) 11— Zz| C

This then gives that
(1= |z = |2]*)

—1— . > C
11— Zj2

2
Zj — Rk

1 —Zkz;



and so the sequence Z is separated as claimed.

We now will modify this slightly so that we give the proof that (a) implies (d). Let a; = ;4
and choose a function f that interpolates this sequence. We also know that we have norm
control on the solution

1
1 2oy < O = |af)2.

Again, let By, denote the Blaschke product with zeros at {z;};4, and consider the function

g(z) = %. Then it is a fact that || f|| 2 = ||g|| y= and so
1 f(2x) ‘
- e = z - ,kz 2 ‘

< Mgllae 1Bzl = W e Rzl < C.
0

(b) implies (d) (implies (c)). Fix the point z; and let f € H*(D) interpolate the values
0rj. Let By be the Blaschke product with zeros at {z;};4,. Then we have that f = Byg
with g € H*(D) and ||g||,, < M. But,

L= |f(z)] = |Be(z)] lg(zr)| < M |Br(2i)] -
This then gives

and since z, was arbitrary that

>6>0.

inf
j

I—
1 —Zkz;

itk

Since we now have that (a) implies (d), then by the computations above, we have shown
that (a) also implies (c).
U

(d) implies (b). We will prove the result in the upper half plane H since the ideas are easier
there. As a reduction to the problem, we are allowed to suppose that the sequence Z is
finite as long as any estimates we obtain are independent on the number of elements in the
sequence Z. A normal families argument then will complete the proof.

First, we need to translate the condition (d) into the appropriate language. In this setting,
a Blaschke product takes the form

j=1
So -
z2—Z;
B = B
() = S22 B()
and a simple computation gives that
B;(z)




6
In our case then the hypothesis is that
j
Since the sequence Z is finite, it is very easy to construct a function which solves f(z;) = aj,

though this frequently will not have good norm estimates. Here is a very simple way to
construct such a function

. Bi() < 2 B(2) L B(2) =%
o) =2 g = 2 B 5 T 2 B |

= = = 2i)(z = 2j) 2 — %

So we also have that

9(z) = ZGJ'B/(

2B ) - %)

also solves g(z;) = a;. Now note that any other solution to the problem can be obtained by
looking at
g+ Bh

where h € H*(H) is arbitrary. So the function which solves the problem and has minimal
norm is given by

: _ - 1
i 19 Bl = L PE) (Zaﬂ'm”@>
i=1 ! ’ Lo (R)

. 1
=, f Z%‘m—. +h(z)
L=(®)

fEH(H)

J=1

Here the last line follows since for andy Banach space X with closed subspace Y we have

that Y* ~ &7, and

inf{[la” + k|| - k € Y1} = sup{|{z",y)| - y € Y. [|y|| < 1}.

and applying this with X = L', and Y = H', and so Y+ = H*. An application of Cauchy’s
Theorem then gives that

. —~ a;f(2)
inf ||g+ Bh|, = 27 sup 227
heH>® || || fEH(H) Z B/<Zj)

J=1

= 47 sup " —ajyjf(zj)
FeH'(H) |5 Bj(2)




Now recalling how we defined the constant of interpolation M, we have

— a;y;f (%)

My = sup4m sup
acl>  feHY(H) |5 Bj(2;)
—y; /()]

= 41 sup
feH'(H) 5 | Bj(2)]

Now set vz to be the measure
n

Yj

7 — Zj
= 1B;(%)]

then we see that My is the norm of the embedding operator H'(H) C L*(H;dvz). We then
use the fact that H'(H) = H?(H) - H?(H) with equality of norms. Namely, given f € H'(H)
there exists a g, h € H*(H) such that f = gh and || f||, = [|g|l, |2|l,- We compute the norm

of this embedding operator
: :
[ e, ( / |g<z>|2duz<z>) ( / |h<z>|2duz<z>)
H H H
< Ml cullgls 10l = 1AL 12l cos.

So we have that [|[vz|| ;1 _co < V2| 2o and we are left computing this norm. However,
(at least in the case of the disc) we have already done this.
Consider the measure

IN

A

n Y
dVZ = (Szj.
; | Bj(25)]

If we were to translate this measure to an equivalent measure on the disc, it would take the
form

(1= )
= 1Bi(#)l

Note that by the strong separation condition, the denominator of the terms above is bounded
below by §. This observation, and our previous argument shows that this is a Carleson

measure with
~ 1 1
1972 2can S \/ § (11005

The proof in the case of the upper half plane is identical (modulo writing things appropri-
ately). O

divg = 5.,

Exercise 0.7. Show that the Carleson norm of the measure

n yj
dv, = — 4,
= erzm ;

j=1

1 1

on H s controlled by



We briefly illustrate why we are saying that the sequence Z is separated if the condition

Zi— Z
inf |2 >5>0
7k

1 —Zkz;

holds. This is a geometric condition on the sequence of points, and it can be interpreted as
the the points are far away from each other in the hyperbolic metric.

Recall that the hyperbolic metric between two points z,w € D is given by
1+ [bu(2)|

p(z,w) = log 2]

1 — [buw(2)|

z—w
1-wz"

where b, (w) =

Exercise 0.8. Show that p(z,w) is a metric on D. Hint: To check the triangle inequality,
first show that the metric p(z,w) is conformally invariant, i.e.,

p(ba(2), ba(w)) = plz, w).

Then the condition

Zj — 2k

inf >6>0

7k
is equivalent to the condition that the hyperbolic discs

140
w:p(zj,w)<log1_5

are disjoint. The proof of this fact is just a simple computation.

1 —Zkz;

Exercise 0.9. Show that the condition
Zj — %k

—(>0>0
— ZkZj

inf
7k

can also be interpreted as saying that Euclidean discs centered about the points z; with radius
a multiple (depending on 0) of (1 —|z;|) must also be disjoint.

0.1. Peter Jones’ Constructive Proof of Interpolation. We now give another proof
of this Carleson’s Interpolation Theorem, but will give an explicit formula that solves the
interpolation problem. This construction is very similar to the constructive solution of the
O-problem.

First, some notation. We are again given a sequence Z = {z;} C D and we let

Z— Zk
Bj(z) = [ [ b=(2) = ]I —
. ; k&
k#j k#j
denote the infinite Blaschke factor that vanishes on the set of points Z \ {z;}. We also set

8; = 1B;i(z) =

ki

RZj — Rk

1 —Zkz;

Finally, ¢ will denote the collection of sequences {ay} such that

llall oo 1= sup |an| < oco.
n



Theorem 0.10 (Jones, [2]). Suppose that the sequence Z satisfies

I—
1 —Zkz;

i#k

inf >6>0.

J

Let C(9) denote the best constant for the Carleson measure

nz = (1—I|z)d,
j=1
Define
2
Bi(z) [1—|z]? 1 14+Znz 14+ Zpz 9
(2) = - - 1— |2m
L) =50 (1 —zz ) P\ T200) ||2>:| =% 1-2.,) 1)

Then for any a € > we have
Zaj f;(2) € H*(D)
with f(z;) = a; and

£ ( |<||a||gooZ|fg )| <€) [lallg -

The proof of this Theorem is related to the constructive solution of the the 0 problem,
but in a discrete setting. The construction of the function was done by Jones in [2].

Proof. First, some simple observations. We have that §; > 0 for all j. We have also seen
that under the hypothesis that

inf |B;(z;)| = 6
J

that the following embedding condition holds
Z\f )17 (1= 51%) < CO)1f oy

Assuming that we have proved the estimate claimed in the Theorem, it is then clear that
this function is holomoprhic and moreover that f;(z;) = d;; and so f(z;) = a;. The proof
of analyticity is a normal families argument. Then, again assuming the claimed estimate,
given {a;} € ¢ and having

z) = Z%‘fa‘(z)

gives

I/ ( |<||a||gooZ|fy )| < C0) llall e -
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Since we want to show that the function f € H*°(D) we can suppose that z € T, and then

if we can show that the above sum converges, by the maximum principle we will have the
(1—lz[*)?

same result in . Now, letting a;; = it is easy to see that we have

=%z
1+2m2 1+%Zj 2
1£;(2)] < ajexp Re )~ - (= el
|2m > “m "
1 1 1— |z )
< A - m i — _(1— |z,
Zm|2|Z;5 Zm|2|Z5

Here in the computations we used the fact that |z| = 1, the simple fact that

1 1— |ul?
Re( —|—u): |u|2
1—u 11— ul

and obvious estimates. Now, note that we have by the hypothesis on the sequence Z that

1 — |Z]’2 2
X E 1 m <_ .
RRCOI-A \|1 TPl ) e

This follows from using the Carleson measure condition on the reproducing kernel. Using
this estimate, and setting 3; = C( 5 We see that

D IHE < 2eC°©)) Biexp | = D B
j=1 =1

l2m| =121

However, it is easy to see that this last sum is a lower Riemann sum for the integral
ot
fo e~ 'dt = 1. So, we have proven that

| (2)] < 2eC"(9) llall . -
O

We remark that being careful and recalling what the constants C(§) looks like, the proof
of this theorem shows that the norm of the operator of interpolation is controlled by an

absolute constant times
1 1

which also appeared in the other proof we gave characterizing the interpolating sequences.
We also can use this result to prove the following result. We will say that a sequence 7 is
interpolating for H?(D) if given any a € (?(N) there exists a f € H?(D) such that

f3) = a;(1 = |57
Theorem 0.11. Let 1 < p < oo. Suppose that the sequence Z is strongly separated, i.e.,
2T 2k
jl;{ 1 —Zpz;

Then Z is HP(D) interpolating, and we have norm control on the solution function.

inf >4 > 0.

J
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Proof. The proof can be given via an interpolation argument. By Theorem 0.10 we have the
result being true when p = oo. We then focus on the case of p = 1. Given a sequence a € ¢!
we need a function f € H'(D) such that

F(z) = a;(1 =]z
Based on Theorem 0.10, we set

F(z) = a;(1 =1z )" fi(z)
j=1
where f; are the functions defined in the statement of Theorem 0.10. This function clearly
has that

fz) = a;(1— |z

Then, we compute that
2N\ —
1wy < X lasl =1z 1l -
j=1

Now since f; € H*(D) we definitely have that f; € H*(D), but if we use the coarse estimate
that

11l 2y < 1ill
then we unfortunately won’t prove the result. Instead, we need to show that

il < CEO = [z,

Using this estimate, then we immediately have that

1y < D lagl.
j=1

The estimate on the H'(ID) norm is an easy computation we leave as an exercise.
The case of general 1 < p < oo then follows by a standard interpolation argument. 0

This proof gives another proof of the result of Shapiro and Shields [4].

Exercise 0.12. Prove that

il iy < C@)(L = |z]).
Hint: Compute the norm of H'(D) by integrating f;(z) over the boundary T. Then think
about harmonic functions.

Exercise 0.13. Complete the proof by supplying the details of the interpolation argument.
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