LECTURE 6: E-EQUATIONS AND THE CORONA THEOREM

In the last lecture we studied the problem

ou=wv

and gave a solution operator of the form

u(z) = L/]D)Mclfl(w).
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We then wanted to study the bounded of the solution w in terms of boundedness properties
of the right hand side v. We finished the last lecture by showing that if the right hand
side has some Carleson measure estimates, then we always have a bounded solution to this
problem.

In this lecture we will return to studying the d-problem when the right hand side is a
Carleson measure. We will show that in this case, it is possible to give a constructive
solution to this problem. This is a very clever construction due to Peter Jones. Finally, in
this lecture we will use the results from last week to complete the proof of Carleson’s Corona
Theorem.

1. PETER JONES’ CONSTRUCTIVE SOLUTION TO 0O

We now give another method to solve the 9 problem that is more constructive. The proof
this time is based on the extremely clever solution operator constructed by Peter Jones, [3].

The starting point of the construction is the following observation. We have seen from
above, that to solve the equation OF = G we can set

r=— [ e
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However, we can also use another kernel to accomplish this. Choose a function K(z,§) that
is analytic in z, K(z,z) = 1 and that is smooth, then we will also have that

1 1 _
F=— | K G(&)——dE N dE.
solves OF = G.
Exercise 1.1. Show that this is true. Hint: K(z,§) = 1+(z—§)f((z,§) and argue as before.

This then gives us lots of freedom by which kernel we choose to solve the problem. The
construction by Jones makes a very clever and judicious choice of the kernel so that one can
obtain the solutions directly.

Theorem 1.2 (Jones, [3]). Let u be a complex H*(D) Carleson measure on D. Then with
S (w) (2) given by
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we have that:

(1) S(p) € Lip (D).
( ) 0S (1) = p in the sense of distributions.

() Jo | K (2, €)1l ©) S Il enors for all v € T = oD,
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where o = and

Note that the kernel K (o, z, &) is analytic in z,
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and K(o, z,€) is smooth with
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K(o,z,2) = ex — — + — ) do(w) p = 1.
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So (2) follows the argument above. While (1) follows from (3). We now turn to proving that
(3) holds (though in the course of the proof we will address (1) and (3) at the same time).

Proof. Observe that if we prove [ ’K <|— ,C) ) d|pl () S llkllenr(ere for allz € T =
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0D, then we have

|wwmsék(mﬁ%;%Q

We turn now to the proof of this remaining fact. Note that for the measure o =

dlpl Q) < ellonrre -
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where ke(z) = % is the normalized reproducing kernel and clearly has H?(D) norm

equal to 1. Next, observe that it will suffice to control the boundary values of the function
S(u), and so we can take z € T. We then see, using the estimate from above and that z € T



that we have
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We can then use this estimate on the kernel K (o, 2, () to give

S () (2)] =
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It remains to show that
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First, suppose that we have do = Zjvzl a;jo; with |(;] < |¢j41|. Further, set §; = iyl

a;
A=

and
N
t; = Zﬁk, and so B3; =t; —t;_;
k=j

If we evaluate the above integral for this measure and use the resulting notation, we see that
the integral becomes
N
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A standard measure theory argument then finishes the proof that

- |¢f L Jol*
N d do(¢) < 1.
b [1—Czf ) p{ /wIZCI 11— @z U(w>} ol0) <

This then completes the proof of the Theorem. O

The original proof that Jones gave was for the upper half-plane H. The idea is identical,
but requires certain modifications.

Exercise 1.3. State and give the proof of Jones’ Theorem in the case of the upper half plane
H.



2. WOLFF’S PROOF OF THE CORONA THEOREM

Recall that in the last lecture we finished by proving the following Theorem of Wolff.

Theorem 2.1 (Wolff, [2]). Suppose that G(z) is bounded and smooth on the disc D. Further,
assume that the measures

1 1
|G|* log mdA(z) and |0G|log mdA(z)

are H?(D)-Carleson measures. Then there exists a continuous function b(z) on D, smooth
on D such that

ob=G
and there exists constants Cy and Cy such that
1 1 2
1]] ey < Ch |[|G]* log —dA(2) +C, |||0G| log —dA(z)
|| H2(D)—Carl E H2(D)—Carl

With this tool, we are now is a place to prove the following important Theorem due to
Carleson. The proof we give, will exploit the Theorem above due to Wolff.

Theorem 2.2 (Carleson, [1]). Suppose that fi,...,f, € H®(D) and there exists a 6 > 0
such that
1> max {|f;(2)|} > > 0.

1<j<n

Then there exists g1, ..., g, € H®(D) such that
1= fi(2)g1(z) + -+ fu(2)gn(z) VzeD

and
ngHHoo(]D;) <C(,n) Vji=1,...,n.

An obvious remark is that the condition on the functions f is clearly necessary. We can’t
have all the functions simultaneously vanish if they can generate the function 1.

Before we prove this Theorem, we first consider the case of two functions so that we can see
the connections between this problem and the O-problem we initially studied. Suppose we
have two functions fi, fo € H*®(D) such that max(|fi(2)],|f2(2)]|) > 0. Define the following
functions

fl(z) 902(2) fg(Z)

e1(z) = = :
LA+ 1) LA+ 1)
The hypotheses on f; and f; imply that the functions ¢; and @5 are in fact bounded and
smooth on ID. Note that we have that

1= fi(2)e1(2) + f2(2)p2(z) VzeD

but the functions ¢; and ¢, are in general not analytic. Now, observe for any function r we
have that the functions

G=pr1+71fe Gg2=p2—1fi
also solve the problem

figr + fogo = 1.

Our goal is to select a good choice of function r so that the resulting choice will make g; and
go be analytic and bounded. Now, we have that g; is analytic if and only if

0= 591 = 5(,01 + fggr.



Similarly, g, is analytic if and only if

0= 592 = 5302 — f157".
Using these two equations and the condition that fi¢p; + fops = 1 gives that the function r
must satisfy the equation

or = 9015902 - 8025901-

Thus, we need to solve for the choice of r that will give a bounded solution. Here we will use
the fact that when we express what appears on the right hand side of the above equation,
we have certain Carleson measures appearing.

Proof. With out lose of generality, we may assume that the functions are analytic in a
neighborhood of the closed disc D. Define the functions
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A=t rop e

Then by the hypotheses on the functions f; we clearly have that |p;(z)] < C(n,0). These
functions are in general not analytic, and so we must correct them to be so. We thus, will
set

9i(2) = ¢3(2) + D azn() ful2)

where the functions a;;(2) are to be determined. However, we will require that a;(2) =
—ay,;(2). Note that this alternating condition implies that

ij(z)gj(z) = ij(z)ﬁpj(z) YO ain(2) fi(2) fulz) = 1.

j=1 k=1

To have the alternating characterisitic of a;; we set a;j, = b;,(2) — by j(2) for some yet to
be determined functions. We will chose the functions b, to be solutions to the follow 0
problem:

5bj’]€ = gojgcpk = Gj,k-
Using this, we see that

5gj = 5% + Z fk;gaj’k

k=1

= ggoj + Z fk (Ebﬂﬁ — gbk,j)
=1

= O¢; + Z i (0,00 — 0r0p;)
=1

= Jp; + ¢;0 (Z fk%%) — 905 Y fren
h=1 P

= 5% + 90]-51 — 5<pj1 = 0.
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So the functions g; are analytic. Suppose that we prove the functions b;; are bounded by
C(n,?), then similarly we have that a;; are bounded, and so

|9;(2)] < C(n,9).
We are thus left with proving that the functions b, are bounded. With this in mind, and
having the result of Wolff at our disposal, we must show that the measures

1 1
G, k)* log —dA(z) and 0G| log —

2] 2|

are H%(D)-Carleson measures. We claim that each of these measures can be dominated (up
to a constant C(n,d)) by the following measure

dA(z)

Z‘f ‘ log—|dA( z).

To see that this is a H 2(ID))—Caurleson measure, it suffices to show that for f € H>(D) that
we have |f'(2)|*log ‘;ﬂdA(z) is a H%*(D)-Carleson measure, which follows easily from the

alternate norm on H?(D) we previous defined (see the exercise below).

Consider the expression |G, |”>. Note that by the hypotheses on f; we have that |¢;| <
C(n,d) and so,

Gk < C(n,8) [0ps”

Now, if we compute we see that

f_,'i ﬁZzll f]Tj/

TSRO (o )
S AGR-TT)
(S 15)
Using this, we see that
‘580”2 < CZ] AP ‘f’\ Z‘f‘

(S 1)

which proves that

n

1 , 1
|G/ log — < C(n, d) Z ‘fj]2log —dA(2).

B B

We now turn to showing that |0G; x| log EﬂdA(z) is dominated appropriately. First, observe
that
Gk = 000¢r + 000y,

By the computations above, we have that
50, = Do LT~ TeF5)
(Z] 1 |fJ‘ )




Direct computation also gives, that
fiyie fih
00 == TN
(Zj:l |fJ| )

Finally, we have that
ag@k _ Z?:l f;(f_Jf_l:: - ?ﬁ) _9 (Z?:l fllﬁ> (Z?:l (Ef_é - m))
(i 1407) (S 1407)

Now consider the term |8¢j5g0k|. It is obvious that we can dominate this expression by

Cn, )Y A A < Cm.0) > AP
4.k k=1

Similarly, we have that }cpjﬁégpk} can be dominated by an identical expression. Altogether
this then gives that

1 - 1
0G; 4/log T dA(2) < C(n.6) ) Ifif" log 1A A(2).
k=1
O
Exercise 2.3. Show that for f € H>(D) that we have |f'(2)|*log ﬁdA(z) is a H*(D)-
Carleson measure. Hint: Use the alternate norm for H*(D) and think about the product rule
for deriwatives.

Exercise 2.4. Suppose that fi,..., fn,g € H*(D) such that
l9(2)] <D 1£(2)].
j=1

Show that there exists gy, ..., g, € H®(D) such that

9 => fig;.
j=1

Hint: Mimic Wolff’s proof of the Corona Theorem but start with 1; = gp;, with ¢; as defined
above.

We state one more theorem, closely related to Carleson’s Corona Theorem.

Theorem 2.5. Suppose that f1, ..., f, € H®(D) and there exists a 6 > 0 such that
1> max{|f;(2)]} > 6 > 0.

~ 1<j<n
Let h € H*(D). Then there exists g1, ..., g, € H*(D) such that
hz) = [1(2)g1(2) + - + fu(2)gn(2) VzeED

and
||9j||H2(1D>) < C(0,n) ||h||H2(IDJ) Vi=1,...,n



It is clear that Carleson’s Corona Theorem implies this result. What isn’t immediately
obvious though, is that knowing this result, one can deduce Carleson’s Corona Theorem.
This is connected to deeper facts about operator theory and will play a role in later lectures.

Exercise 2.6. Give a proof of the above Theorem without appealing to Carleson’s Theorem
directly, but instead appealing to the proof of the Theorem.
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