LECTURE 11: THE CORONA THEOREM FOR THE MULTIPLIER ALGEBRA OF D

In 1962 Lennart Carleson demonstrated in [4] the absence of a corona in the maximal ideal

space of H*> (D) by showing that if {gj};.vzl is a finite set of functions in H* (D) satisfying

N
(0.1) Y lgi(2)|=e>0, zeD,
j=1

then there are functions { fj}j.vzl in H* (D) with

(0.2) ij (2)g;(2) =1, zeD,

While not immediately obvious, the result of Carleson is in fact equivalent to the following
statement about the Hilbert space H*(ID). If one is given a finite set of functions {g;}}*; in
H>(D) satisfying (0.1) and a function 2 € H?*(D), then there are functions {f;}}_, in H*(D)
with

(0.3) Z fi(2)g;(2) =h(z), ze€D,

The key difference between (0.2) and (0.3) is that one is solving the problem in the Hilbert
space setting as opposed to the multiplier algebra, which makes the problem somewhat easier.

In this chapter we discuss the Corona Theorem for the multiplier algebra of the Dirichlet
space. The method of proof will be intimately connected with the resulting statements for
H>(D) and H?*(D). We also will connect this result to a related statement for the Hilbert
space D. One proof will be given by d-methods and the connections between weak Carleson
measures for the space D. Another proof will be given by simply proving the Hilbert space
version directly and then applying an abstract operator theory result. Implicit in both
versions are certain solutions to d-problems that arise.

This lecture is longer than previous lectures since the Corona problem is a question of
particular interest to the author of the notes. For those readers more interested in function
theory, they can focus more on Section 2 of the notes. While those with an interest should
read both sections.

1. CORONA THEOREMS AND COMPLETE NEVANLINNA-PICK KERNELS

Recall that we have already seen the Nevanlinna-Pick property when we studied the Pick
interpolation question for the Hardy space H?(ID). We will see a little later that the Dirichlet
space also has this important property. It turns out that these spaces have a slightly stronger
property of being able to solve the Nevanlinna-Pick interpolation problem, but with matrix
targets or arbitrary size. When a reproducing kernel Hilbert space has this property, then
we will say that it has the complete Nevanlinna-Pick property.

It turns out that for certain function spaces that have a complete Nevanlinna-Pick kernel,

it is possible to solve the Corona problem for the multiplier algebra by solving a relatively
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easier Corona question for the space of analytic functions itself. It is an important fact that
both the kernel for the Hardy space H*(ID) and for the Dirichelet space D possess a complete
Nevanlinna-Pick kernel. More generally, for any 0 < o < % we have that the the space B%(D)
has a complete Nevanlinna-Pick kernel.

Let X be a Hilbert space of holomorphic functions in an open set € in C" that is a
reproducing kernel Hilbert space with a complete irreducible Nevanlinna-Pick kernel (see [1]
for the definition). The following Toeplitz corona theorem is due to Ball, Trent and Vinnikov
[3] (see also Ambrozie and Timotin [2] and Theorem 8.57 in [1]).

For f = (f))_, € ®VX and h € X, define Msh = (f,h)"_, and

Mult(X,eNX) — flx—eNx — fllgNx -
£ [V sup ||Mhl|
Al x <1

N 2
Note that max;<aen [My.llye < 1 larcxon s < /S 1My [y,

Theorem 1.1 (Toeplitz Corona Theorem). Let X be a Hilbert function space in an open set
Q in C™ with an irreducible complete Nevanlinna-Pick kernel. Let 6 > 0 and N € N. Then
9g1,---,98 € Mx satisfy the following “baby corona property”; for every h € X, there are
fi,..., [n € X such that

(1) 1A+l < SRR
GERE) Htan( N () = b, zeQ,

if and only if g1,...,98v € Mx satisfy the following “multiplier corona property”; there are
©1,...,on € Mx such that

(1.2) ||90||Mult(X,@NX) < 1
g (2)e1(2)+ - +anv(z)en(z) = \/5, z € Q.

The baby corona theorem is said to hold for X if whenever ¢y, .-, gy € My satisfy
(1.3) 91 () + -+l (2))P = e>0,  zeQ,

then g1, ..., gy satisfy the baby corona property (1.1).
More succinctly, (1.1) is equivalent to the operator lower bound

(1.4) MM =51y >0,

where g = (g1,...95), My : VX — X by Myf = Zivzl Jofa, and ./\/l;h = (M;af)iv:y We
note that (1.3) with ¢ = ¢§ is necessary for (1.4) as can be seen by testing on reproducing

kernels k,.

Remark 1.2. A standard abstract argument applies to show that the absence of a corona
for the multiplier algebra My, i.e. the density of the linear span of point evaluations in
the maximal ideal space of My, is equivalent to the following assertion: for each finite set
{gj}j.v:l C Mx such that (1.3) holds for some ¢ > 0, there are {goj}j.vzl C Mx and § > 0 such
that condition (1.2) holds. See for example Lemma 9.2.6 in [6] or the proof of Criterion 3.5
on page 39 of [8].
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Here we recall the proof of the Toeplitz Corona Theorem 1.1 for holomorphic Hilbert
function spaces with a complete Nevanlinna-Pick kernel. First we note the equivalence of
(1.1) and (1.4). To see this note that (1.4) is equivalent to

(1.5) 5 (h,h)x < (h, MoMER) = (MG, M)

eNX "’
From functional analysis, we obtain that the bounded map M, : ®¥X — X is onto. If
N = ker M, then M, : N — X is invertible. Now (1.5) implies that /\/l@* X — N

-1 1
() (A1) Thus
given h € X, there is f € N* satisfying M, f = h and

is invertible and that < \/LS' By duality we then have

L
<L

2

2 —\! 1 2
1 = | (F5) | <G

oV X

which is (1.1). Conversely, using (1.1) we compute that

(1.6) Moy = sup [0 MUR) | = sup [(Mg,h) ]
”gII@NXgl Hg”@NXgl
h2
> <M@ / h> LI VAT
[fllovx /x| Ifllevx

which is (1.5), and hence (1.4).
Next we note that (1.3) with ¢ = § is necessary for (1.4) as can be seen by testing (1.5)
on reproducing kernels k. :

0 (kay k) < Mok, MEE) o = o (2)|? (ks, k)
N

since M7k, = (gpa—(z)kz>

o=

1.1. Calculus of kernel functions and proof of the Toeplitz Corona Theorem. A
crucial theme for the proof of the Toeplitz Corona Theorem is that operator bounds for
Hilbert function spaces, such as MM, —dlx > 0 for X in (1.4), can be recast in terms of
kernel functions, namely

(1.7) {0 () N)ev =01k (GA) =0
Indeed, if we let h = Y27 | &k,, in (1.5) we obtain

J J
6 &GEk (wym) = 6 && (kayska,)

i,j=1 i,j=1

Z <Z ipa (Ti)ka,, Z £ Pa (xj)kxj>
- Z@é} {nga Ti)Pa (T; }k(xjaxi),

i,j=1

IN
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which is (1.7). A similar calculation shows that the operator upper bound Ix — M M7 > 0,
which is equivalent to || M|l iy y <1, is recast in terms of kernel functions as

(1.8) {1=(F (O, FN)en} E(GA) = 0.

In order to recast the multiplier bound in the first line of (1.2) in terms of kernel functions,
we must consider N x N matrix-valued kernel functions. Recall that Mf X - oVX by

Mh = (foh )Oé:1 (compare with M; : & X — X by Mg = Za:l faga). Then for

g € & My,
N

<thug>@NX - Z<fah Ja)x = <h ZMf ga> )

a=1 X

and so Mjg = Zgil 7.9a- Thus the first line in (1.2) is equivalent to HI\\/JI H
hence to

@NX—>X -

Ja (9, 9)onx — (Mg, Mjg)

N
(1.9) 0 < Zugaui—
a=1

= <(I@NX - Mfo) g7g>®NX )
which is the operator bound

(1.10) Tgvx — MM > 0.

To obtain an equivalent kernel estimate, let

9= <Z£ ko )N

N N J
Mjg =Y Mjga=D Y & fa @)k
a=1

a=1 =1

so that

If we substitute this in (1.9) we obtain
Z Zf £ﬁfa ) ( ) (5’;57%) = (Mjg,Mjg)
=114,9=1
< Walovx= X 5D 6T ().

a,f=1 1,j=1

3 @ {{o- 100 () ()] 20

If we view f (¢) € B ((C, CcN ) we can rewrite this last expression as

(1.11) {Iew = F(OF W) FE(GA) =0,

which is the required matrix-valued kernel equivalence of the multiplier bound in (1.2).
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Now we turn to the proof of Theorem 1.1. To see that (1.2) implies (1.1) just multiply
M f = V3 by % to get /\/l@\f/—% = h where

1
= 5 (IAhlx + -+ I Fwnl%)

kil

eNX

1 1
< s (Ml + -+ 1) IR0 < S [1AI1

The computation (1.6) above then shows that (1.4) holds for the same § > 0.

However, we can give another short proof, but using the language of positive semidef-
inite kernel functions to characterize operator boundedness. This will afford us our first
opportunity to use the ”calculus” of positive semidefinite forms. If (1.2) holds then

PO F1O) = Mof =5,
and (1.11) holds:
{ex = FOF N TR(GA) = 0.

These two relations imply the positivity of the kernel function,
e (€) e M)ew =01k (G, A)
= {<so<<>,so<A>>CN—¢M}k< )
= {(©. e Mer =@ FOFN P
= 90O Wer = FQF YR N9 =

By (1.7) this is equivalent to (1.5), and hence to (1.4).

PITFECA
0.

Conversely, normalize £k at a fixed point Ay € €2 so that k), = 1. Since k is an irreducible
complete Nevanlinna-Pick kernel, we can find a Hilbert space K and a map b: 2 — I with

b(Xo) = 0 and such that

1
(1.12) k(GA) = L—=(0(C),b(N)c

This theorem has a long history and is not easy to prove (Theorem 7.31 in [1]). In fact, one
can take K to be the Drury-Arveson Hardy space H?2, for some cardinal number m (Theorem
8.2 in [1]), but we will not need this. From (1.4) we now obtain (1.7):

K (G A) = {0 Q)¢ (N)ex =0} k(G A) = 0.
By a kernel-valued version of the Lax-Milgram Theorem, we can factor the left hand side
K (¢, A) as (G (C),G (N);, where G : Q — H for some auxiliary space H. Indeed, define
F:Q — Xk by F () = K¢ so that

K (¢ A) = <K)\aKC>XK = (F'(A\) 7F(C)>XK'

Now fix an orthonormal basis {e,}, for Xx and define a conjugate linear operator I' by

r (Z caea> = e,

« «

Then G =T o F satisfies
K(GA)=(F), F(Q)x, =(ToF (), ToF(\)x, =(G().GN)x,
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with H = X as required. Hence
(@ (C)s Ny =0 =[1=(b(C),b (M) (G(C), G (N)y,

or equivalently,

(1.13) (P (O, (Mew + (B (0), b (M) (G (C), G (N))gy = 0+ (G (C), G (A))yy -

Now we rewrite (1.13) in terms of inner products of direct sums of Hilbert spaces,

(0 (€)@ Mex + (1(C) @ G () .b(N) © G (M) xon
= (VB.V5)_+(G(0).G )y

so that it can be interpreted as saying that the map from N; to N, that sends the element

(1.14) (eNu,b(N) @GN u) e C¥ @ (Ko H)
with u € C to the element
(1.15) (ﬁu,a(m u) cCaH

is an isometry! Here the spaces N} and Ny are given by
_ @ () : N
M = Span{(b()\>®G()\))u.uEC,)\GQ}CC ®KoH),

Ny = Spcm{( G\g\) )u:uEC,/\EQ} CCopH.

Thus using (1.4) we have obtained (1.13) that defines a linear isometry V'’ from the linear
span N of the elements ¢ (A\)u @ (b(A) ® G (N\))w in the direct sum CY @ (K ® H) onto a
subspace N> of the direct sum C @ H: the element in (1.14) goes to the element in (1.15).
Now extend this isometry V' to an isometry V from all of CY & (K ® H) onto C & H,
where we add an infinite-dimensional summand to H if necessary. Indeed, V' extends by
continuity to an isometry from A; onto N, and provided the orthogonal complements of
N and N5 have the same dimension, we can then trivially extend the isometry from all of
CN @ (K ® H) onto C @ H. But the dimensions of the complements can be made equal by
adding an infinite-dimensional summand to H.

Decompose the extended isometry V' as a block matrix

(281l (5]

Since V' is an onto isometry we obtain the formulas,

117) A*A+C*C AB+C'D)| [A ¢ ][A B
' B*A+D*C B*B+D*D | ~ C D

Then (1.16) on the subspace N; becomes

(1.18) Ap (M) + BN @GN = Vo,
CoN)+DbN @GN = G(N).



Now define f: Q — B (C,C") (which is of course isomorphic to C") by
(1.19) oy :A+B{b()\)® (I—DEb(A))_lC},
where Fj is the map E, : H — K ® H given by
(1.20) Eyw=0®wv, veH.

Note that this formula for f () is obtained by solving the second line in (1.18) for G (\) =

(- DEb(A))fl C'¢ (), and then substituting this in the first line and dropping ¢ (A). Ob-
serve that E} (c ® w) = (¢, b) w, so that

(1.21) BB, = (c,b), L.

From this we conclude that I — D Eyy) is invertible. Indeed, (1.12) shows that (b, b),- < 1 and
(1.21) then implies that Ey(y) is a strict contraction. From the equation B*B+ D*D = Ixgn

in (1.17) we see that D is a contraction, which altogether implies || DEyy)|| < 1. Thus f )
satisfies

(1.22) FO'9 () = Ap(N)+ B [b(N) @ (I - DE) ™ Cp (V)]
— Ap(\) + BN © G (N
N

which is the second line in (1.2).
To see that the first line in (1.2) holds, we must show that f (\) is a contractive multiplier,
i.e. that (1.11) holds:

(1.23) {Iex = F(Q) F (N YR(GN) = 0.

For this we use (1.17). We compute with

FON" = A+ BEy) (I-DEy) ' C,
— -1

) = A+C(I- E,’,"(OD*) EyoB",

that

Iev =FQOFO) = 1= [A"+C" (I = By D) By B']

x | A+ BEyy (I DEyy) ' €]
1

= [ —A"A— A*BEy (I — DEy)) C

~0" (I = EjiyD*) " By B*A

—C* (I - E;;(QD*)‘1 By, B"BEy (I - DEyy) ™"

C,
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and then using (1.17) we obtain

(1.24) Iex = f(O FO
= C*C+C*DEyyy (I — DEyy)~ C
+C* (I - Efoy D) By D*C
+C* (I — Ejyoy D) ' By (D*D — 1) By (I — DEy) ' C
= (I - EBjyD")""

x{(I = B D7) (I = DEy) + (I = By D) DEy)
+Ey o)D" (I = DEy)) — Ey)Eyn) + By D" DEy) }
1

x (I = DEyy))  C
= C"(I = By D)™ (I = By Byy) (I = DEyy)~ C

_ (1 NAGK (A)),C) C* (I = E; D) (I - DEy)

where the last line follows from (1.21). Thus using (1.12) the left side of (1.23), which is an
N x N matix-valued kernel function, has its complex conjugate equal to

-1

-1

C,

1

C* (I = By ")~ (I - DEyy) " C
= (I - DEyy) " C,(1 - DEyo) ™' C>H ,

which is an N x N matix-valued Grammian, hence a positive kernel as required.

2. THE O-EQUATION IN THE DIRICHLET SPACE

As is well-known there is an intimate connection between the Corona Theorem and 0-
problems. In our context, a d-problem will be to solve the following differential equation

(2.1) ob = p

where p is a Carleson measure for the space D and b is some unknown function. Now solving
this problem is an easy application of Cauchy’s formula, however we will need to obtain
estimates of the solutions. Tho obtain these estimates, we will provide a different solution
operator to the d-problem more appropriately suited to our contexts.

In [11] Xiao’s constructed a non-linear solution operator for (2.1) that is well adapted to
solve (2.1) and obtain estimates. We note that in the case of H*(D) that this result was
first obtained by P. Jones, [5]. First, note that

P = o [ Paa

satisfies OF = y in the sense of distribution.
Exercise 2.1. Prove this claim.

The difficulty with this solution kernel is that it does not allow for one to obtain good
estimates on the solution. To rectify this, following Jones [5], we are now going to define a
new non-linear kernel that will overcome this difficulty.
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Theorem 2.2 (Jones, [5]). Let u be a complex H*(D) Carleson measure on . Then with
S (1) (=) given by

(22) MM@:AKw%om@

| 2]
”P‘”CJVI(H2)

_ 21— X{ (_1+wz 1+w<> }
K02 201 ™ U (o 7 100 7O

we have that:

(1) S(n) € Ly, (D).

(2) S (1) = p in the sense of distributions.
(3) fD ‘K (¢ JU,C) dlpl(¢) HN||CM(H2) for allz € T = 0D,

”“”CM(H%’

where o = and

50 ||S(N)||Loo(1r) < ||M||CM(H2)-

With this set-up, we now prove the follow theorem due to Xiao, extending Theorem 2.2,
about estimates for 0-problems in the Dirichlet space.

Theorem 2.3 (Xiao, [11]). If 19(2)|? dA(2) is a D-Carleson measure then there is a function
f such that Of = g and

£ty o, S N2 A lorrco)

Proof. First note that the measure u = |g|dA satisfies the the following estimate
2
([ ) < [ werdae [ e
S(I) S(I) S(I)

< 1%
so the measure dyu is a H?*(ID) Carleson measure. Thus, by Theorem 2.2, we have a solution
given by

IN

S(u)(2)
that satisfies 9S(u) = g for all z € D and ||S (Il peqry S Ngl?dAllcrrp)-

1
We must now also show that S (i) |r€ X3 (T), i.e. that
dus) = VS (1) (2)]” dA(2)

is also a D-Carleson measure. Of course, since S (i) = ¢ in D and we obtain immediately
that |ZS (1) (2)|2 dA(z) = |g(2)|?dA(z) is a D-Carleson measure. It is possible to take the
derivative 0 of S(u)(z) and then use the theory of singular integral operators and the singular
Beurling transform to estimate 0.5 ().

We will instead use the following clever device of Xiao that greatly ameliorates the singu-
larity. We introduce the function

mmwzéﬁw%owm
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where

~ 2 1—¢f 14+oz 14+TC¢
K(U,Z,C) :¥me}(p{/|w|z|c (—1_wz+ 1—@() dO’(UJ)}

Now, observe that

}? g, Z7C 2 C
( ) = — = ¢z (C)
K(o,2,¢) 1-%¢
is the autormorphism of the disk that interchanges 0 and z, and moreover, ¢, (¢) = '2(11%;(0 =

z for z € T. Using this we see that S (1) (z) = 25 (1) (z) for z € T and so it suffices to show

- 2 -
instead that )VS (1) (z)‘ dA(z) is a D-Carleson measure. The advantage is that K (o, z, ()

has a much milder singularity than K (o, z, ().

We next show that the operator S (u) still provides a solution to the problem 0b = pu. We
sketch the details for this, and the interested reader can fill in the pieces. Observe that for
w € D, the function f,(z) = &:U) (D) with norm independent of w € D.
Indeed, we have that

1—zw

_ lwl?)1/2 2
ful) = (%) ¢ HY(D)- H*(D) = H'(D)

1 ‘w‘ 1/2 2

with [[full g1y < H# HD)

Also, since the Carleson measures for H*(D) coincide with the Carleson measures for
H'(D), if u is a H'(D) Carleson measure, then we have

(2.3) | ful2) dpz) S\ foll oy 1l onrare) -
D

This estimate then allows us to conclude

Re [ (150 ) latwida@)) = [ me (155 y(wlaa(w)

iEL-
< 2 oo SlaleldA)

< 2 ||fw||H1(]D>) =2
Using the computations above, it can then be shown that
[ 1 —|ew|?
ey [ ew(- [ ZE i) @l < 1
-z jwizle |1 — z0[

Using these estimates and computations we arrive at the condition that

=1.

< [ W ga)

~ Jp |1 —wz]?

V5 (2)

Finally, we then apply the transformation of Carleson measure result of Rochberg and Wu,
see Lemma 6 in [7], to conclude that

V(=) dAcz)
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is a D-Carleson measure. We now state a result of Rochberg-Wu that shows it is possible to

transform Carleson measures to Carleson measures via positive operators.

For a € (—o0, 3] we let

By (D) = {f € Hol : | f(0)[* +/ () (L= [2%)!2dA(z) < OO} :
D
Note that this is just a relabeling of the space B, (D) with o =1 — 2a.

Lemma 2.4 (Rochberg-Wu, [7]). Let o € (—o0,1] and 3 > max{—1,—1 — 2a} and b >
max {22, £5 — o}, Also, let

w _
71G) = [ LY - puf)-taaw)
D |1 — w2
If |f(2)* (1 = |2]*)PdA(2) is an Ba-Carleson measure, then |Tf(2)|° (1 — |2|*)PdA(z) is also
an B,-Carleson measure.

Since |g(2)|?dA(z) is a D-Carleson measure, this then follows from Lemma 2.4. O

Exercise 2.5. Show that the same result as Theorem 2.3 remains true when 0 < o < %

Exercise 2.6. Show that |0S(u)(2)|> dA(2) is a D-Carleson measure by appealing to the
theory of singular integral operators. Hint: By computing the derivative of S(u) you are
arriving at the Beurling Transform. Then one needs to observe that (1 — |w|*)? is a A,
weight for certain values of b.

Exercise 2.7. The function S (1) (z) behaves essentially like the holomorphic projection

[y (2) where, "
nmazéggﬁgjﬁfwmw

One can see that if u = |g|dA is a D-Carleson measure, then |VT1u?dA(2) is also a D-
~ 2
Carleson measure. Using this idea and Lemma 2./ show that )VS () (z)‘ dA(z) is a D-

Carleson measure.

2.1. The Case of the Dirichlet Space. This general set-up applies to our setting with
X =D and Mp the multiplier algebra for the Dirichlet space. The Toeplitz corona theorem
thus provides a useful tool for reducing the multiplier corona property (1.2) to the more
tractable, but still very difficult, baby corona property (1.1) for the multiplier algebras Mp.

We now state a simple proposition that will be useful in understanding the relationships
between the Corona problems for D and Mp.

Proposition 2.8. Suppose that g1,...,gn € Mp. Define the map

:Mp X -+ X Mp +— Mp is onto;
D x---xDw D is onto;



12

(iii) There exists a 6 > 0 such that for all z € D we have

N
> lge(2)P = 6> 0.
k=1

It is easy to see that both (i) and (ii) each individually imply (iii). We will show that
condition (iii) implies both (i) and (ii). Note that by the Toeplitz Corona Theorem 1.1 it
would suffice to prove that (iii) implies (ii) since the result then lifts to give the statement
in (i). However, we feel that it is instructive to prove the theorems separately.

The equivalence between the conditions in Proposition 2.8 were originally proved by
Tolokonnikov [9]. Below, we will give an alternate proof of this due to Xiao [11] of the
corona theorem for the multiplier algebra Mp and for the Dirichlet space D. An alternate
proof for the case of the Dirichlet space D, and then for Mp via the Toeplitz Corona Theorem
was given by Trent [10]. The proof of Trent is of a different nature than what we present
here.

Exercise 2.9. Prove that (i) and (i) each individually imply (1ii).

Exercise 2.10. Show that if (i) or (ii) holds, then there are in fact estimates to the Corona
problem as well.

Exercise 2.11. Show that the above Theorem is also true for the multiplier algebra of B%(D)
as well.

2.2. The Corona Theorem for the Algebra Mp). Here we prove the implication that
(iii) implies (i) in Proposition 2.8

Proof of (iii) implies (i) in Proposition 2.8. Note that is suffices to prove that there exists
fis--, fn € Mp such that
N
1=Y fi(2)g;(z) VzeD.
j=1
Once we have found the {f; };VZI then simply multiplying through by the desired function h
proves the implication. For j =1,..., N, define

where
N
9P =" lgi(2).
j=1
Then we have that
N
1= g;(2)p;(2).
j=1

Suppose that we can find functions b, such that
(i) Dbk = ©; 0
(i) [bjell g, < 1-
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If we can find such functions, then we define

fi(2) +Z jk(2) = brj (2)) gr(2),

then the functions are analytic since,

N
gfj = 590]‘ + Z (5bjk — gbk]) [

N
= Op; + Z (%’5% — 9015%) Ik
k=1

N N

= Op; — (Z sokgk> dpj + ;0 (Z gm%)
k=1 k=1

= ;= Dpj + ;01 = 0.

Moreover, because of the estimate bjj, it is clear that the functions g; € Mp. Finally, with
these functions we have

D_Ji29i(2) = D ai(2)ei(2) + D0 D (bikl2) = bas(2)) 9u(2)(2)

which solves the problem.

The only issue that remains is to demonstrate that it is in fact possible to find such
solutions b, and to do so, it suffices to demonstrate that the functions ¢;0p; are in fact
Carleson measures for the Dirichlet space D. We accomplish this by first noting that

EZ; g (gzgfc - gkgl,)
|g]? |g]*

%’5% =

This then implies that

N
|0;904]” S 7 ’62191\2 > gl
=1

Here we have used the properties that 0 < d < ), |g/(2)|. Note also that the implied
constants here depend upon the parameter § and the number of generators N. However,
since the functions g; € Mp we have that

|9i*dA(=)

are D-Carleson measures, and thus an application of Theorem 2.3 provides the solutions bjy,
with estimates that we seek. 0

We next turn to proving that (iii) implies (ii). The method of proof will be similar to
what appears above, however, we can resort to the simpler solution operator to conclude the
result.



14

Proof of (iii) implies (ii) in Proposition 2.8. In the proof of this implication, we must show
directly that given an f € D it is possible to find fi,..., fxy € D such that

> fi(2)gi(z) = f(z) VzeD,

J=1

under the hypothesis that {gj}é-v:l satisfies (iii). Again, define the functions

where |g(2)]? = Z;VZI l9;(2)]%. As we saw above in the proof that (iii) implies (i), it will

suffice to find functions b;; such that

(1) by, = fo;00k;
(ii) [[bjellp S 1.

If we can find such functions, then we define
N
Fi(2) = F)en(z) + ) (b(2) = bry(2)) gr(2)-
j=1
A similar computation to what appears above shows that we have

0fr=0 V1<k<N

and that

WE

f(2)ge(z) = f(z) VzeDand ||fillp S 1.

k=1
These three properties follow from the properties of the solution bj; and the properties of

{gj j’vzr
We now show how to find solutions b;;, satisfying the desired properties. Set

bul2) = o [ () P12 gy

21 Z—wW

Then we clearly have that bj; are smooth solutions on D that satisfy gbjk = fcpjgtpk, and
need only establish the estimates. First, note that

2.5) / Boa*dA(z) S IFIR.
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Indeed, we have

/\Ebjk}QdA(z) = /|5f<pj5¢k\2d/1(z)
D D

S 3 [l aac)
3 [0 + 3 [ 17l i)
< I

Here we used that g; € Mp and so g; f € D for all j. We next need to show that the following
estimate holds:

(2.6) [1omltaac) < 1.
D
Once we have established (2.6), then this combined with (2.5) implies that we have

1055l s2emy S 1 1lp -

To accomplish this, we consider a related solution operator that moves the singularity outside

the disk. Let ¢, ({) = ==

1:,2(
) = =g [ 19220, g aag

_ f(¢ &Pk(o
N 27rz/ 1 -z dA(©).

For z € T we have ¢, (¢) = Z(ll__;é) = 2z so that

(2.7) bir (z) = —Zb (), z€T.

It is easy to see that the operator of multiplication by Z, which is the backward shift
operator on Fourier coefficients, is a bounded operator on W2 (T). Thus by (2.7) and the

fact that gjk (z) is analytic, it suffices to establish that

2.9 [t 4 5 [ 1r@e=000)f dac)

since as we saw above the right hand side of the above expression is bounded by || f||3,. For
this we compute

8 ~
gz
where K (z,() =

f(¢ &Pk(C) _
2m/ 1 30 CdA(C)’ < /DK(Z’C) £ (€) 3 (Q)0er(C)] dA(Q)

. Using the estimate

/D =10l 2 ) ~ (1 - [

|1 — wz|

7r|1—zq2

-
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we obtain that the “Schur function” h (¢) = (1 — ||

N

2 .
satisfies

-
/D K (2.0 h (€ dAWQ) S h(2).

A simple case of Schur’s test now yields (2.8). O

Exercise 2.12. Give an alternate proof of the estimate (2.6) by using the theory of singular
integral operators, in particular the Beurling transform.

Exercise 2.13. Assuming that (ii) holds in Proposition 2.8 use the Toeplitz Corona Theorem
to give an alternate proof of (iii) implies (i).
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