RECTIFIABILITY OF MEASURES WITH BOUNDED
RIESZ TRANSFORM OPERATOR: FROM SINGULAR
OPERATORS TO GEOMETRIC MEASURE THEORY

ALEXANDER VOLBERG

1. LECTURE 7: ALMOST ORTHOGONALITY OF FLAT LAYERS
CONTRIBUTIONS. THE PREPARATION FOR THE ESTIMATE FROM
BELOW OF EACH FLAT LAYER CONTRIBUTION.

Recall that our goal is to prove that the family of all non-BAUP
cells P € D is Carleson. In view of the just proved abundance of flat
cells in several fixed directions, it obviously suffices to show the
following statement:

We can choose A,a > 0 such that for every fixed linear hyperplane
H and for every integer N, the family F = F(A,a, H,N) of all non-
BAUP cells P € D containing an (H, A, «)-flat cell Q at most N levels
down from P s Carleson.

Then all non-BAUP cells are Carleson, and we are completely done
by referring to David—Semmes theorem from the book [DS].

The idea of how we will prove this statement. Suppose the
statement above is false. Then there will be P from F (family of
non-BAUP cells containing a flat cell in a fixed direction at most N
generations down) such that it can be tiled (up to tiny measure)
by arbitrarily large number of layers of non-BAUP cells. Use
now the abundance of flat cells. We can also tile the same cell P by
layers of (H, A, a)-flat cells @ (up to tiny measure) also with as many
layers as we wish. Moreover we can alternate layers. Namely:

Alternating non-BAUP and flat layers.

Lemma 1. If F is not Carleson, then for every positive integer K and
every n > 0, there exist a cell P € F and K + 1 alternating pairs of
finite layers By, Q. €D (k=0,...,K) such that
o Py ={P}.
e P, C F, (that is they are from F and lie inside P) for all
k=0,..., K.
o All layers Qy, consist of (H, A, «)-flat cells only.
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e Fach individual layer (either Py, or Qi) consists of pairwise
disjoint cells.

o If Q € Q, then there exists P' € Py such that Q C P (k =
0,....,K).

o If P' € Biy1, then there exists Q € Ly such that P' C Q
(k=0,...., K —1).

® > oca, Q) = (1 =n)u(P).

Sketch of the proof. Suppose F is not Carleson. For every n > 0
and every positive integer M, we can find a cell P € F and M + 1
layers Lo, ..., L,, C F, that have the desired Cantor-type hierarchy
and satisfy ZP’EEM w(P) = (1 —n)u(P).

We will go now from the layer £,, to L,, sy, where S = S(N) will
be large and M =~ KSN, where K is from above. We take P’ € L,,
and choose Q(P’) less than N generations down, which is flat. Those
P" € L,,+n that are inside such Q(P’) we color white, the collection
of Q(P’) we color blue. Notice that at this moment the mass of all
non-colored P” € L,y is < (1 — c471),(P).

In those P” € L,y that are not colored again we will have Q(P")
less than N generations down that are flat, color them blue, color
white those P” € L, on that are in some of Q(P”). Notice that
at this moment the mass of all non-colored P” € L,,1on is < (1 —
04_4dN)2LL(P).

Non-colored follow non-colored, and in S steps (if S = S(N) is suf-
ficiently large) the portion of p(P) of non-colored cells become very
small. Then we stop and put mye, := m + SN, we consider only the
part of layer L,,.sn, namely those cells of it that lie in some white
colored cells. Call it £, . So if £,, was By, then L]  will be our
Pret1-

Consider all blue cells we have on the road. Take the family of
maximal blue cells out of those which we just constructed. This will
be layer of disjoint (H, A, «)-flat cells and this will be our layer Qy.

Given K, we choose S very large, ' very small. Then we make the
error in tiling (P) only of the order (K + 1) + (1 — c4~44N)9], which
is as small as we wish. Lemma is proved.

Towards almost orthogonality of flat layers. From now on, for
a while (in this lecture at least) we will be interested only in the cells
Q@ from the flat layers ;. With each such cell @) we will associate the

corresponding approximating plane L(()) containing its center 20 and
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parallel to H and the approximating measure v

0 = %Q¥eM L) These

approximate measures we need to explain.

Fix K. Choose ¢ > 0, A,a > 0, n > 0 in this order. Construct
layers as it has been just done. Consider flat layers £j ignoring the
non-BAUP layers By almost entirely.

For a cell Q € D and t > 0, define

(1) Q= {r € Q : dist(x, R™\ Q) > t£(Q)} .
Note that
(2) 1@\ Q) < Ct'u(Q),

for some v > 0. This is stated at the beginning of Lecture 5.

Let us consider ¢y € C'* supported on B(0, 1) and such that f Yo dm =
1 where m is the Lebesgue measure in R4*!. Put

1 :
%0 =Y. * gy @)

Then Yo = 1 on (3. and suppy,, C Q-. In particular, the diameter of
suppy,, is at most 80(Q).

In addition,

C
i Vel < g

ool <1 IVeglle <

The approximating measure is Vo = P 0 where ag, is

VQ<Rd+1) = /gpQ du .

and [ Yo dp are comparable to £(Q)?, pro-

chosen so that

Both integrals [ Yo dmL(Q)

vided that ¢ < ﬁ, say. In particular, in this case, the normalizing

factors a,, are bounded by some constant.

To formulate the orthogonality of layers we need to define

G = Z SOQRH[SOQM—VQ]> k=0,...,K.
QEQy

Now put
Fk:Gk—GkH,Whenk:O,...,K—l, FK:GK.
Note that

K
ZFm:Gk.

m=k
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“Orthogonality” of telescopic layers. This is almost orthogo-
nality of “errors” (errors between genuine and flat situations).

Lemma 2. Assuming that ¢ < A>5, and o < €%, we have

48’
|<Fk7 Gk+1>‘ X O-<€7 Q)M(P)
forallk =0,...,K — 1, where o(e, ) is some positive function such

that

Al g, ool =0.

The proof is long and and not easy. Lemmas 1 and 2 from Lecture
5 are constantly used. And the boundedness of R, in L?*(u) is used.
The detailed proof is in [NToV1].

How almost orthogonality works?
We have the identity

ZFk
I?

As we will see in a minute, |Gy o

IGoll’,

K K-1
_ 2
- kzzo 153, +2 kzzom, Grat)u -

L2 ()
< Cu(P), and the scalar products

can be made arbitrarily small by first choosing € > 0 small enough and
then taking a sufficiently small o« > 0 depending on «.

At this point, we need to know that the non-BAUPness condition
depends on a positive parameter 9. We will fix that 6 from now on
in addition to fixing the measure u. Note that despite the fact that
we need to prove that the family of non-BAUP cells is Carleson for
every 6 > 0, the David-Semmes uniform rectifiability criterion does
not require any particular rate of growth of the corresponding Carleson
constant as a function of 9.

So we will get a contradiction if we are able to bound HF’“H;( : for
n
k=0,...,K —1 from below by 72u(P), with some 7 = 7(8) > 0 (as
usual, the dependence on the dimension d and the regularity constants
of p is suppressed).
We choose very large K, then we choose A > Ag(d),e < g9(9),n <

no(e), v < (e, ). Then we come to contradiction in
(—small(e, o, n) + K77) Z ||Fk|| — small(e, o, ) u(P)

<[Goll2,,, < CulP).
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The estimate from above: ||G0||i2() < Cu(P). Notice that
w

Go = D e, chRH[goQu - I/Q] . As the summands have pairwise dis-
joint supports, it will suffice to prove the inequality

leg R (por = vo)l2, < Cu(@)

for each individual @ € Qo and then observe that > 55 #(Q) < pu(P).
Of course ||<pQRH(<pQ,u) < Cu(Q) by the boundedness of R,,. But

the estimate ||g0QRH(VQ)Hi2( : < Cu(@Q) is not so trivial because we
m

2
||L2(M)

start with flat measure v, := agpqm but we send it by R¥ into L?(p).
Such an estimate can be obtained by using an error estimate Lemmas
1 and 2 from Lecture 5. Details can be seen in Lemma 9 [NToV1].

The estimate from below. Densely packed cells.
Fix k € {0,1,..., K — 1}. We can write the function F} as

Fo=> F¢

Qe
where
FO=@oRM(pou—vy)— D e RMpon—1,).
Q'eQR4+1,Q'CQ

We shall call a cell @ € Qj densely packed if 3 qcq, ., ocq (@) =
(1 —e)u(Q). Otherwise we shall call the cell @ loosely packed. The
loosely packed cells constitute a tiny minority of all cells in 9y, if n < 2.

Indeed, we have

Yoo @<t ) pfe) U «

Qe QEQ Q'€Qk+1,Q'CQ
Q is packed loosely
= Yo n@— ) w@)
Qe Q€041
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We can immediately conclude from here that

> w@) =Y u@ - D TI(e)

Qe Qe Qe
Q is densely packed Q is loosely packed

Z2 (L=n)u(P) —ep(P) = (1 —2e)u(P).
From now on, we will fix the choice n = £2.

We claim now that to estimate HFkHi2 : from below by 72u(P), it

suffices to show that for every densely packed cell Q € 2;,, we have
Q12 2
) 1792, > 277u(@).

To see it, just write

152, = S IF9, S IR,

QEQy Qe
Q@ is densely packed

> > 27u(Q) = 2(1—20)7°u(P) = Tu(P),

Qe
Q@ is densely packed

provided that € < }1.

To prove (3) one uses “the process of modification of mea-
sure”. It consists of several stages.
Stage 1: pou to piecewise flat v. The goal of this modification is
to show

Lemma 3. There exists a subset Q' of Q such that
(4) > (@)= (1-CouQ),
Qe
and )
Q > Z||RH(y — _
||F ||L2(N) = 2”R (V VQ)||L2(V) 0-(5,05) /J’(Q) 3
where v =3 hcq v, and o(e,a) is some positive function such that
lim, o [lim, 04 o(g, )] = 0.
The proof is long and technical, see [NToV1], pages 62-66, but look-
ing at
FO=goR"(pou—vy) = Y ¢, B " (pyn—1,)
Q'eQ41,Q'CQ

we see that the claim is at least natural, as it says that the value
of RH (goQ 0= %y p) on each ' € Q' almost cancels out the value
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of R"(vg — vg) on @'. This boils down to saying that for Q',Q" €
9, Q" # Q", one can see that the value of RH(ch,u —vg) on Q" is
negligible if @ and ¢ are small.

Which is believable because of flatness. And we also replace p outside
in || F¢ [ " by the measure v consisting of flat pieces parallel and close
to flat vg.

For the choice of £’ one uses Marcinkiewicz function in the following
way: For Q' € Q, define

N (Q" r“
9= 2, 5.0
where
D(Q, Q") = ¢(Q) + ¢(Q") + dist(Q', Q")
is the “long distance” between @' and @Q".

We have
/ N — !/ " d+lﬂ
Q/;}g(Q )N(Q ) Q/QZGD (Q ) D(Q’, Ql/)d—H
m\d+1 d,u(x)
< C Z K(Q ) /Q/ [E(Q”) —}—diSt(:E,Q")]d+1

Q,Q"eqQ

md+1 du(m)
gcgf@ ] (@) + dist(w, Q)]

<O QN <C Y @) <Cu@).
Q"eN Q"eN

Let Q, ={Q € Q:¢g(Q") > '}, Q' = 0O\ Q.. Then, by Chebyshev’s
inequality,

> @) < Cen(Q),
Qe
SO
> n@) = (1= Cou@),
Qe
which is (4).
In estimating the value of R (¢ ot vg) on ()", one uses Lemmas

1,2 from Lecture 5. Then one can see that » o or20n |RH(g0Q,,u -

. pdHl
vg)| can be estimated from above by Cae=472 D Qe QrEQr [M}

D(Q Q")
Cas=29(Q").
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Stage 2. The next measure modification. Reflection trick.
Fix a hyperplane L parallel to H at the distance 2A¢4(Q) from suppy N
. Number A is small compared to ¢ and large compared to a. Let S
be the (closed) half-space bounded by L that contains suppu N Q. For
x € S, denote by z* the reflection of x about L. Define the kernels

and denote by RH the corresponding operator. We will assume that
a << A, so the approximating hyperplanes L(Q') (@' € Q') and L(Q),
which lie within the distance a(Q) from suppu N @ are contained in S
and lie at the distance A¢(Q) or greater from the boundary hyperplane
L.

Lemma 4. The goal of this section is to show that, for some appropri-
ately chosen A = A, ) > 0, and under our usual assumptions about
g, A, and o, we have

IR = vy = IR, — o6, 0) V(@)

where, again, o(e,a) is some positive function such that

61—I>I(I)1+[a1i>%l+ 0-(87 (X)] =0
Again we refer the reader to [NToV1], this lemma has a proof on
pages 69-72 of this article.

Now we choose A = ¢? and o = ¢ with large C. We come to the
point that we need to estimate from below the Riesz Energy

HRHVHLQ(V) Y

where v := Y7, .o 01 Vo - Tt is truly desirable to have ||]§HV||L2(V) >
.. using another than ¢ constant. To give a d-breath. The subset

Q' of the set {@Q': Q' C Q,Q" € Qi,1} is chosen above. In fact, it is
almost the whole {Q': Q' C Q,Q’ € Qg1}, the difference being the
use of a certain Marcinkiewicz function to choose Q’.

To estimate Riesz Energy we need function v, RY (ym) = 1, m+
mgy1, on v and such that: see below. For that we need first non-BAUP
layer Py tiling @ and tiled by Q1 and special family of cells in it.

This is almost the last effort before the end of this Wagnerian proof.
We need to choose some non-BAUP cells and associated with them
vector functions ¢ to be able to estimate the Riesz energy || R V| )

from below.
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A collection of P’s (inside )) of non-BAUP layer Bj.1. One
can construct (under our usual assumptions of ¢ is sufficiently small in
terms of 9, A is sufficiently large in terms of J, « is sufficiently small
in terms of € and 0), a family P’ C By, such that

e Every cell P* C ' is contained in (). and satisfies ¢(P') <
200 H(Q).

® D prep HP) = cp(Q).
e The balls B(z,,,10¢(P’)), P’ € P are pairwise disjoint.
e The function

E(Pl) d+1
h(z) = PZE;B, [E(P’) + dist(x, ')

satisfies ||h]| . < C.

Pl7

We start with showing that every 6-non-BAUP cell P’ contained
in ¢ has much smaller size than (). Indeed, we know that suppu N
B(z,, Al(Q)) is contained in the af(Q)-neighborhood of L(Q) and that

B(y, al(Q)) Nsuppu # @ for every y € Bz, AU(Q))NL(Q). Suppose
that P' C @ is 6-non-BAUP. If A > 5, then

Blu,, £(P)) € Blz,50(Q)) € Blz, AUQ)).
Moreover, since y,, —z,, € H, we have

dist(y ., L(Q)) = dist(z,,, L(Q)) < al(Q) .

Let y;, be the projection of y,, to L(Q). Then |y; — Y| < al(Q)
and |y, — 2ol S yp — 20| < AUQ). Thus, the ball B(y,,,204(Q)) >

B(y;, al(Q)) intersects suppp, so 0(P') < 2al(Q), i.e.,

(P <25 1(Q),

which is desired smallness of .1 cells inside Q) € Q.

Let now B = {P" € Pyy1 : P C Q}. Consider the Marcinkiewicz

function again
£( P//) d+1
P = —_—
)= 3 |
Presp
The standard argument with integration it over () shows that

> a(PYu(P) < Crul@)

Plep
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for some C'; > 0 depending on the dimension d and the goodness pa-
rameters of p only. Define

P ={P eP:P CQ.g(P)<3C}.

Note that

douP)z D> pP) = Y wP)- > (P
Pleg* P'eR P'EP:P'Z Q- Prep:g(P')>3C
However,

D uP) =) @) = (1-9)u(@).
Prep Q'eq
Further, since the diameter of each P’ € P is at most 8/(P') <

8ad~H(Q), every cell P' € P that is not contained in Q. is contained
in @ \ Q2, provided that o < ésd Thus, under this restriction,

> uP) <@\ Q) < Cap(Q) .
P epB:P Q.

Further, since the diameter of each P’ € P is at most 8/(FP') <
8ad1(Q), every cell P’ € P that is not contained in Q. is contained
in @\ Qa, provided that a < %65. Thus, under this restriction,

> ulP) <@\ Q) < Cap(Q) .
P eP:P' ZQe

Finally, by Chebyshev’s inequality,

N« MQ)
Z N(P)gT-

P'ePig(P)>3C
Bringing these three estimates together, we get the inequality > gy u(FP') 2
% w(Q), provided that A, e, a satisfy some restrictions of the admissible

type.

Vitali’s lemma sparseness. Now we will rarefy the family B3*
a little bit more. Consider the balls B(z,,,10((F')), P’ € P*. By
the classical Vitali covering theorem, we can choose some subfamily
P’ C P such that the balls B(z,,,10((F")), P’ € P’ are pairwise

disjoint but

U Bz, 300P) > | B(z,,100P)) > | P

Plem/ Plem* PIG(B*
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Then we will still have

douP)yze > upy

Pey’ Peyp’
>c Y Bz, 300P)) = ¢ Y p(P) = ep(Q).
Pleml Plefp*

The estimate on h = ) 5, follows from the

Marcinkiewicz choice of 3*.

[ 0 i|d+1
P | ¢py+dist(z,P)

The preparation for building of vector function v that one
needs for the estimate of Riesz energy from below.

First functions 7,. Fix the non-BAUPness parameter § € (0,1). Fix
any C* radial function ny supported in B(0,1) such that 0 < 7y < 1
and 19 = 1 on B(0, 3). For every P’ € ', define

@) =0 (5505500 = 200 ) = (57070 =)

Here xp: is the point of cell P’ belonging to supppu, and yps is a point
that is the center of the d-hole (a ball disjoint with suppu) in P’ that
exists by the definition of S-nonBAUPness.

Note that n,, is supported on the ball B(z,,,6((F")). This ball
is contained in @, provided that 12ad~! < & (recall that ¢(P') <
2a671(Q) and P' C Qc). Also 1, > 1 on B(x,,, 3((P')) and the
support of the negative part of Np 18 disjoint with suppu. Put

n=>_n,.

Presp!
Since even the balls B(z,,, 10((F")) corresponding to different P € P’
are disjoint, we have —1 <7 < 1.
We want to show that [ndv > ¢(§)u(Q) with some ¢(d) > 0.

Obviously, [ndu > ¢(0)u(Q) with some ¢(d) > 0. This is because
of the choice of P’ and because, where 7 is negative does not carry any

mass fi.
Moreover,
[nednz [nedn-| [g-2)da| > c@ui@-2u@) > 5u(Q).

So we need to estimate as a small thing [ 7 (d®u — v), which is the
sum over Q" € Q' of [n(dpgp — vg). By Lemmas 1, 2 of Lecture 5
we have
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‘/77 (degu —vg)| < COM(Q/)dHHS@Q’HLipHnHLip(suppch,) S

. - (@)
Cas (@) : < Cae ' u(Q) sup .
@) HnHLlp(supp“"Q’) ul 1)3/: B(apn,60(P)NQL20 0L(F)
For ) C P, fine. Otherwise Q' N P’ = 0, B(zp/, 6((P')) N QL # O give
CU(P") > &l(Q"). And again smallness of « kills all 67251

Now vector function ¢: ¢ = A [“n. Fix P’ € . Let e, be the

unit vector in the direction Ypr = Tp Put

0
uP,(:c):/ N (@ +tey,)dt.

Let us think that H is parallel to z4,1 = 0 and that e; = eps (this is
without loss of generality). Then dyup = np,. But

1
H _
RY = (31,...,8d)|x|ﬁ.
Therefore,
1
RHAUP/ = RHA/TIP/ = (81,. .. ,ad)W*A/np/ =

= (O1,...,0q) [ npr. We showed that

RH71AUP/ = al /77]3’ = nNp = <RH, AUP/ . €1> =nNpr.

Since the restriction of 7, to any line parallel to e, consists of two
opposite bumps, the support of u P 18 contained in the convex hull of
B(z,,,6((F')) and B(y,,,6((F")). Also, since

Pl7
IV e < C(7)[06(P)]

and since suppn,, intersects any line parallel to e, over two intervals
of total length 46¢(P’) or less, we have

V@) < [ 1(9n,)(a + te)]dt < ﬁ

— 00

for all 7 > 0. Define the vector fields
Vo, =(Auy e, =) 1,

Prey
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Vector function ¢ is built. Properties of . Then, clearly,
(RT)(¢ym) = (RH 4ym) = n and all claims below are satisfied (m :=

md+1)

) = > peg ¥y, suppy C S, dist(suppy, L) = AL(Q) =

e(Q).

e ¢, is supported in the 2((P’)-neighborhood of P’ and satisfies

C C
= < S 5P
/%3/ 0, Mvull-~ < 5P’ Hd}P’”Lip S 5Py

o [[ldm < C5~'u(Q).
o (R")*(ym) = 1. .
. ||T*(¢m)||Loo(Suppu) < Cad=2e3473,

o IR (lm)l,u,, < O V/i(@Q).

[Carl]
[Ch]

D]
[D1]

[Da4]
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