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H! AND DYADIC H!

SERGEI TREIL

To Victor Petrovich Khavin

ABSTRACT. In this paper we give a simple proof of the fact that the average over all dyadic
lattices of the dyadic H'-norm of a function gives an equivalent H'-norm. The proof we
present works for both one-parameter and multi-parameter Hardy spaces.

The results of such type are known; cf. [2] for the one-parameter case. Also, by duality,
such results are equivalent to the “BMO from dyadic BMO” statements proved in [4] (one
parameter case) and [§] (two-parameter case).

While the paper generalizes these results to the multi-parameter setting, this is not its
main goal. The purpose of the paper is to present an approach leading to a simple proof,
which works in both one-parameter and multi-parameter cases.

The main idea of treating square function as a Calderén—Zygmund operator is a common-
place in harmonic analysis; the main observation, on which the paper is based, is that one
can treat the random dyadic square function this way. After that, all is proved by using the
standard and well-known results about Calderén—Zygmund operators in the Hilbert-space-
valued setting.

As an added bonus, we get a simple proof of the (equivalent by duality) inclusions BMO C
BMOg, Hi € H! in the multi-parameter case. Note, that unlike the one-parameter case,
the inclusions in the general situation are far from trivial.
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NOTATION
HK tensor product of Hilbert spaces ‘H and K; we consider its endowed with the
“canonical” norm, which makes ‘H ® K a Hilbert space. If one of the spaces is
a function space, for example if # = L?, then H ® K can be interpreted as L?
with values in K.
LP(X;H) LP-space of functions on X with values in H; X is usually R" with the Lebesgue
measure. Symbols X and/or H can be omitted if they are clear from the context.
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dx Lebesgue measure in RY if z € RV,
D Dyadic Lattice in RV, see below.
H', H% real variable Hardy space on RY and its dyadic counterpart, associated to a

dyadic lattice D. We will also consider Hilbert-space-valued spaces, and the
notation like H'(X;H) will be used.

(Q), |Q|  sidelength and volume of a cube @ C RY.

EE expectation of a random variable &, E¢ = [, (w)dP(w); sometimes, to distin-
guish the random variable in a formula, the notation E{(w) or E,&(w) will be
used instead of E£.

Cubes and dyadic lattices. Throughout the paper we will speak a lot about dyadic cubes
and dyadic lattices, so let us first fix some terminology. A cube in RY is an object obtained
from the standard cube [0,1)" by dilations and shifts.

For a cube @ we denote by ¢(Q) its size, i. e. the length of its side. Given a cube @ one
can split it by dividing each side in halves into 2%V cubes Q}, of size £(Q)/2: we will call such
cubes Q. the children of Q.

For a cube @ and A > 0 we denote by AQ the cube @ dilated A\ times with respect to its
center.

Now, let us define the standard dyadic lattice Dy: for each k € Z let us consider the cube
[0,2F)N and all its shifts by elements of RY with coordinates of form j - 2¥, j € Z. The
collection of all such cubes (union over all k) is called the standard dyadic lattice.

A dyadic lattice D is just a shift of the standard dyadic lattice Dg. A collection of all cubes
from a dyadic lattice D of a fixed size 2¥ is called a layer of the lattice.

Random dyadic lattice. Our random lattice will contain the dyadic cubes of standard
size 2F (k € Z), but will be “randomly shifted” with respect to the standard dyadic lattice
Dy. The simplest idea would be to pick up a random variable z uniformly distributed over
RY and to define the random lattice as = + Dy. This idea works for the torus T, but
unfortunately, there exists no such random variable z in R, so we have to act in a little bit
more sophisticated way.

Let us construct a random lattice of dyadic intervals on the real line R, and then define a
random lattice in RN as the product of the lattices of intervals.

Let €21 be some probability space and let z(w) be a random variable uniformly distributed
over the interval [0,1).

Let {;(w) be random variables satisfying P{¢; = +1} = P{{; = —1} = 1/2. Assume also
that z(w),&;(w), 7 € N are independent. Define the random lattice D(w) as follows:

(1) We require that Ip(w) := [z(w) — 1,2(w)] € D(w); this gives us all intervals in D(w)
of length 2%, k < 0.

(2) To determine the rest of the intervals, it is enough to know dyadic intervals I (w) D
Io(w), of length 2% &k > 0. The intervals Ij(w) are determined inductively: if
I;_1(w) € D(w) is already known (and thus all intervals of length 2¢=! in D(w)),
then

o [;;(w) is the union of I;_1(w) and its right neighbor if {(w) = +1, and
o [;:(w) is the union of I;_;(w) and its left neighbor if & (w) = —1.

To get a random dyadic lattice in RY we just take N independent random dyadic lattices
D1,Ds,...,Dy in R and consider all cubes Q = I; X Iy X ... X Iy, I}, € D.



H' AND DYADIC H! 3

0. INTRODUCTION AND MAIN RESULTS
0.1. One parameter case. Let H' = H'(RY) be the usual real variable Hardy space on
RN, and let H ; be its dyadic counterpart, defined as follows.

Consider a dyadic lattice D in RY. Let E), = EkD be the averaging operator over cubes
Q € D of size 2F, Ey.f(x) = |Q|! fQ f, where @ is the cube in D of size 2F containing z. If

Q € D is a cube of size 2F define E, by E, f = (Q|t Jo 1y =1,(ELf).

Define the martingale differences A; = A}f = E,?_l — E,?, and again for a cube Q € D of
size 2F define AQ by AQf = lQ(Ekf).

Define the dyadic square function S = S, by
1/2

1/2
(0.1) (SDf)(w)=<Z|AEf(w)|2> = > [Aef@)P

kEZ QeD,Q3x

One can also consider a slightly different square function S f= §D f
1/2 1/2
~ 2 2
(02)  (Spf)) = (Z (EP|APST) <:v>) - X (BBIaBI) @]
kEZ QeD,Q>x

in other words, each term in the sum on the right equals the average of |A 0 fl?ifz € Q and

0 otherwise. _
It is not hard to show and will be explained later that C~1||Sf|l; < [|Sf|1 < C|Sf|1,
where the constant C' depends only on the dimension V.

Definition. A function f € Ll _is in the dyadic Hardy space H,lD (with respect to the dyadic

loc

lattice D) if || f|l gy, = [1Sp 1 < o0

One can use the square function Sp f here and get an equivalent norm.

And now one of the main results of the paper. Let D(w), w € Q be the random dyadic
lattice, as described above, and let us recall that E = E,, denotes the expectation (average
with respect to w)

Theorem 0.1. A function f € L] _(R™) belongs to H' if and only if

/ [E(|Sp(w) f(@)P)]
RN

Moreover, the latter quantity gives an equivalent norm on H L
The same result is true with the square function Sp(,) in place of Sp(y)-

1/2dm<oo.

0.2. Multi-parameter case. The above results can be generalized to the case of multi-
parameter Hardy spaces. Let X = RV, k=1,2,...,n and let H'(X; x X5 x --- x X,,) be
the n-parameter Hardy space, see Section 2.1] below for the definition.

Define the dyadic Hardy space as follows. Let Dy be a dyadic lattice on Xi, k =1,2,....,n
and let D =D; x Dy X ... x D, be the product dyadic lattice on X = X7 X Xg X ... X X;
the elements on D are the “rectangles” (parallelepipeds) R = Q1 X Q2 X ... X Qn, Qi € Dy.

For a multiindex k = (kq,ka,...k,) define on X = X; x X5 x -+ x X, the average
By = E,;E,%Q ... B} and the martingale differences Ay := AllﬁA%z .. AL, where E,]gj and

Ai_ are the “one variable” averages Ej; martingale difference Ay, as defined above by in
Section [} taken in the variable z; € X;.
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For a “rectangle” R = Q1 X Q2 X ... X Qn, Qi € D}, define Ag := AélAéz . A’én, where

again Aéj is the operator Ag; defined by (0.2Z]) taken in the variable ;.
Define the multi-parameter square function S = Sp by
1/2

1/2
(0.3) (SDf)($)=<Z|Akf($)I2) =| > |Arf@)f

kezn ReD,Rax

One can also define the square function S = §,D

1/2
(04)  Sf@):= (Z(Ekmkfﬁ) <x>> = X (BrlarfP) @

keZ ReD,R>x

1/2

The definitions look very similar to (0.1I), (0.2), only here the sums in the right hand side is
taken over all “rectangles” R, while in (0.I]), (0.2]) they are taken over all cubes.

We use the same notation for the one-parameter and multi-parameter square function, but
since we will treat these cases in different sections, we hope to avoid the confusion.

Definition. Let D = D; XDy x...xD,, be a product dyadic lattice on X = X7 x XoX...xX,,.
We say that a function f € LIOC( ) belongs to the dyadic Hardy space H} if HfHH}:, =
155 fll < o0

Let now D;(w), Da(w), . .., Dyp(w) be the independent random dyadic lattices on the spaces

X1, Xo,..., X, respectively, and let D(w) = D;(w) X Da(w) X ... X Dy(w) be the multi-
parameter random dyadic lattice.

Theorem 0.2. A function f € Ll _(R™) belongs to H' (X1 x X x -+ x X,,) if and only if

| [ESo f@P)]* do < s

here Sp(. is the multi-parameter random dyadic lattice defined above. Moreover, the latter
quantity gives an equivalent norm on H'. N
The same result is true with the square function Sp(,) in place of Sp()-

0.3. Some remarks.
Remark 0.3. It is a simple exercise to show that in both one-parameter and multi-parameter

cases

Q—RN

E(|Sp) f(@)]? = lim ﬁ /Q Spf( + ) Pdu

where D is a fixed dyadic lattice and the limits is taken over cubes (or parallelipipeds) @ C RN
(Q C X in the multi-parameter case) centered at 0 whose sidelengths tend to oo.

Remark 0.4. Note that for every dyadic lattice D one has || f||zn < C||Spf||1, thus by Tonelli
theorem and Holder inequality we have for p < 2

Il <€ [ [0S0 @) o <0 [ (S0 1@0] " e

In the one-parameter case the estimate || f|| g1 < C||Spf||1 is trivial and well known. Indeed,
H'BMO duality ((H!)* = BMO, (HJ)* = BMOp, see the definitions below in Section B.I))
and the trivial inclusion BMO C BMOp imply the Hs C H! with the desired estimates of
the norms.
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Since BMO # BMO,,, one can conclude that th inclusion H71) C H' is proper.

In the multi-parameter case the estimate ||f||g1 < C||Spfl1is also known to specialists,
but it is less trivial. In fact, the only place that the author is aware of, where this is proved
is the Ph.D. thesis of J. Pipher; this proof is far from trivial and the calculations are quite
tedious. Below in Section 23] we present a different, quite simple prove of this fact. This
proof is based on one-parameter (Hilbert-space-valued) H'-BMO theory.

Remark 0.5. Applying Hélder inequality to Theorem (to Theorem in the multi-
parameter case) we get that for p < 2

1/2
05 [ Bl @) e < [ [B(Sow @) e <l
If p = 1 Tonelli Theorem and (0L5]) implies that
(0 El1S )l < Ol

This was proved in one-parameter case in [2]. Note, that by duality (0.0) is equivalent to
“BMO from dyadic BMO” statements: if f, w € € is a measurable family of functions,
fw € BMOpy, < 1, then for f defined by f(z) = E, f,(z) one has f € BMO,

1flBymo < C-.
This “BMO from dyadic BMO” result was proved directly in [4] (one-parameter case) and
in the recent paper [§] (the two-parameter case).

)s HfWHBMOD(W)

1. PROOF OF THEOREM [0.1]

1.1. “Vectorization” of the square function. There is a standard way of making the
nonlinear operator Sp into a linear one by treating Spf as a vector-valued function.
Namely, let us consider the space L'(£?) consisting of functions on Z x RY such that

1/2
I fllLrgezy := /RN (Z \f(k,x)\2> dr < co.

keZ
Define the vector-valued square function Sp f by
Spf(k,z) = AP f(x), keZ, reRY
(Spf is a function on Z x RY). We will treat this function as a function of the argument
z € RN with values in /2 = (?(Z).
Clearly, |SDf(',3§‘)|gQ = Spf(z), so f € Hb if and only if Sf € L'(¢?). Moreover,
ISDfllLrez) = 1SSl = [1f 1 my,-

Let now D(w) be the random dyadic lattice, and let Q,P be the corresponding probability
space. Consider the space £ = L'(¢? @ L?(Q,P)),

1/2
1 fllc == /RN (/QZ\f(k,w,x)FdP(w)) dz.

keZ

It is an L' space with values in the Hilbert space £2 ® L?(2,P); here again f is treated as
function of the argument x € RY with values in ¢? ® L%(Q,P).
Define the vector-valued square function S with values in 2 ® L%(Q,P) by

(1.1) Sf(k,w,z) = Sp, f(k, ), zeRY, keZwe.
here and below we will use notation S(-, -,z) =: Sf(z) € (> ® L?(Q,P).
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1/2 1/2
Clearly, [|Sf(2)lle2x2(p) = [E(ISpw)f(@)[?)] 2 so IS£Il, = Jan [E(ISp@)f(2)]?)] "2 da
(the norm in £ was constructed so this would hold).

Similar “vectorization” can be performed to the square function S. Namely, fix some
ordering of the “children” of a dyadic cube (the same one for all cubes), and for each dyadic
cube @ define operator from the functions constant on the “children” of ) to c2V by

Uglg, = |Qi[Ver,  k=1,2,...,22",
where Q) are “children” of () and {ek}izl is the standard basis in R2". Let now £ :=
L2 © L2(Q,P) ® C2") with the norm

1/2
= W, T 2 w Z.
e = [ | (/szk, )2, B )) d

keZ

Define the square function S by
Sf(k,w,z) == UgAqf € C*",

where Q € D(w) is the cube of size 2¥ containing 2. From the construction it is clear that

~ - 1/2
1811, = fuw [EGSp f@))] e
Now the proof of Theorem can be outlined in few sentences. First, it is nor hard to
show that S (or S) is a Calder6n-Zygmund operator, whose kernel takes values in the Hilbert
space £2® L?(2,P). It is a well known fact that such Calderén-Zygmund operators map H*
to L', so

| [E(Soi f@P)] V2 do = 1861, < €Il

As we discussed above in Section [ILT], the opposite inequality || ||z < C[[Sf||, is trivial.
Of course, the classical theory of Calderén—Zygmund operators deals with the scalar-valued
kernels. But, as it is well known to the specialists, all the facts that we need, are valid in the
case of Hilbert space valued kernels too.
However, the blind trust is not expected from the reader: all relevant facts will be presented
below.

1.2. S as a Calder6n—Zygmund operator. Let us recall that the classical Calderén—
Zygmund kernel on R¥ is the function K (-, -) defined on RY x RV \ {(z,z) : = € RV}
satisfying

(1) |K(z,y)| < Clz —y|~;

(2) There exists § > 0 such that

|z — x0]5

|K(x,y) —K(ﬂi‘o,y)|, |K(y,3§‘) _K(y7x0)| é C‘y_xO‘N_HS ?

whenever |y — xo| > 2|z — x¢|

One can also consider operator-valued kernels, K(z,y) € B(X,Y) for arbitrary Banach
spaces X and Y. In this case | - | in the left hand side should be replaced by the norm in
B(x.,)).
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1.2.1. Vector-valued Calderén—Zygmund operators. A Calderén—Zygmund operator with (op-
erator-valued) Calderén—Zygmund kernel K is a bounded operator 7' : L2(RM;Xx) —
L?(RN,Y) such that for all compactly supported f € L?(RY;X) and g € L?(RV;Y*) with
separated supports

(Tf,9) = //RNX[RN (K(x,9)f(y),9(y)) dyd.

Such operators with operator-valued kernels were considered, for example, in [9], and it was
proved there (see Theorem 1.2 in Ch. 3) that if X and ) are Hilbert spaces then the operator
acts from H' to L', |Tf]l 1wy xy < Clf |l we 3)-

In fact, in [9] a much more general situation was considered. The kernel was only assumed
to satisfy a weaker version of condition (2), and there was no condition (1). Moreover, it was
assumed that T" was bounded in some LP, 1 < p < 0o, not necessarily p = 2.

Note, that condition (1) in some form is required for the proof of T'1 and T'b theorems, but
if one assumes that 7" is bounded in some LP, 1 < p < oo the condition (2) alone is sufficient
for the action from H' to L.

Also, in [9] the theorem was proved for the case when X and ) are arbitrary Banach
spaces, if one defines H' via atomic decomposition.

It is well known that for the case of Hilbert-space-valued functions all the definitions of H'
(via atomic decompositions, via maximal function, via different square functions, via Riesz
transforms) are equivalentﬂ, so one can use the result from [9] without worrying about what
definition of H' is used.

In this paper we are considering the case when X = C and Y = H = (? ® L?(Q,P), so we
can say that K takes values in the Hilbert space H.

Operators with such kernels also act naturally from L?(RY;K) — L*(RY;H ® K), where
KC is a Hilbert space, and we will need this interpretation later in Section 2l Indeed, with
each vector h € H we can associate an operator £ 5 f — f®h € K ® H (and the norm
of this operator is ||A||). So, if K is ah H-valued Calderén-Zygmund kernel, then a Calder-
6n-Zygmund operator on L?(R¥; K) is a bounded operator T": L2(RY; K) — L2(RY; H® K)
such that

(Tf, 9) 2@~ oK) = // (K(z,y) ® f(y), 9(¥) yex dyda.
RN xRN
for all compactly supported f and g with separated supports.

1.2.2. Why S is a Calderén—Zygmund operator? To find the kernel K of S we need to compute
Sd,, where ¢, is the unit mass at y € RY:

_ D(w)
K(z,y) = {A] %(m)}k% I

To get that expression rigorously, one needs to approximate d, by appropriate bump func-
tions; notice that AkD‘*’ 0y is well defined, i.e. does not depend on the choice of approximating
sequence.

Notice that for a dyadic cube @, Agdy(x) # O only if z € Q,y € Q. Therefore Agdy(x) =0
if £(Q) < |z — Y|oo, SO Af(w)éy(:n) =0if 28 < |2 — Y|oo.

Noticing that HAE“%HOO < C27%N and summing the geometric series we get the property
(1) of Calderén-Zygmund kernels.

€2 L*Q,P)

1Unfortunately7 the author cannot point to a paper where all such equivalences are proved; but following
the proofs for the scalar-valued case, one can see that everything works for the case of Hilbert-space valued
case as well.
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To show property (2) notice that Af(w)éy(:n) = Af(w)éy(xo) if all 3 points z,xg,y are in
the same cube Q € D(w), £(Q) = 2¥ and the points x, x( are in the same “child” of Q.

The probability that it fails for a given & can be estimated above by C|z — x|27*. Using
the estimate HAEW%HOO < C27FN we conclude that

/ A7 5, (x) — A5, (20) FdP(w) < C272N |z — 2g|27% = Cla — o2 2N F,
Q

Let kg be the maximal k € Z such that 28 < min{|z — y|so, |20 — ¥|so}. Then Akpwéy(:n) =
A?“(Sy(ajo) =0 for k < ko, so

| K (z,y) — K(z0,9)|> < C > 27N K|z — 2| < Ol — o270V —Ho
k>ko

< Cla — xol[zo —y| 727

Interchanging = and y and repeating the above reasoning we also get that
| K (y, 2) — K(y,20)|* < Cla — wo||wo — y| >V "

This means condition (2) holds with ¢ = 1/2.
The proof for S is absolutely the same.

1.3. A remark about conditions S1 = 0, S*1 = 0. Material in this section is not needed
for the proof of the main results. However, it might be of interest for specialists; one can
use it to present a different proof of the main results, without employing the cited above in
Section [L2T] result from [9] result about Calderén—Zygmund operators with operator-valued
kernels.

Note that the operator S, introduced above satisfies the conditions S1 = 0 and S*1 =0
(more precisely, the second condition should read as S*1e = 0 for all e € H), which are well
known to everybody familiar with 7(1)-theorem.

If one formally plugs 1 into S or S*, the result will be 0. Of course, it is only a formal
reasoning, for 1 is not in the domain of S, but any reasonable interpretation of S1 gives the
same result. For example it is not hard to show that

(1.2) S1, =0, S*1Q6—>O as £(Q) — oo

uniformly on compact subsets, where cubes () are centered at 0.

It is also easy to see that S1 = 0, but unfortunately S*1 # 0. However, it is easy to modify
S to make S*1 = 0.

Namely, let ¢ be a function on the cube [0,1)" taking values 41 and such that fQ wdr =0
and let ¢, () = p((z — :EQ)/E(Q)), where z, is the base of @, i.e. the point in @ with
smallest coordinates.

Define the square function S by

gf(k‘,cu,:z:) =g (x)UgAqf € (C2N,

where @ € D(w) is the cube of size 2¥ containing .
The function ©0 in the definition of S is introduced to insure that S*1 = 0. Now it is easy

to show that S1 =0, S*1 = 0 (in the sense of (L2))).

Calderén-Zygmund operators satisfying 71 = 0 and 7*1 = 0 map H!' — H'. To show
that one, for example can consider matrix of such an operator in the wavelet basis. It was
shown in [6] that under rather mild assumption about wavelet basis, the coefficient space of
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H' in this basis is the Triebel-Lizorkin space f{) ’2; see Appendix (Section B]) for the definition.
In [6] the scalar-valued case was treated, but one can easily see that everything works for the
Hilbert-space valued case, and one just get the vector-valued space f10 2, Moreover, in [5] the
H' spaces with values in UMD Banach spaces were characterized in terms of coefficient in
the wavelet basis; in the Hilbert-space-valued case the result gives exactly f{] 2 with values in
the Hibert space.

Using the standard estimates with Calderén—Zygmund kernels one can see that if a Cald-
erén—Zygmund operator T' (even with the operator-valued kernel) satisfies 71 = 0, T*1 = 0,
then its matrix in the wavelet basis is what is called in [3] almost diagonal for f,(,) 1 1<pqg<
oo; cf. Section Bl below for the definition.

And it was shown in [3] that almost diagonal operators are bounded on all f}? 1 1<p,qg<
0o. Since the almost diagonality is a condition on the magnitude of the entries, the result
holds for vector-valued Triebel-Lizorkin spaces. Of course, instead of considering a wavelet
basis, one can consider a frame decomposition, given by what is called in [3] ¢-transform; all
the estimates will be the same.

2. PROOF FOR THE MULTI-PARAMETER CASE

Proof of the main result for multi-parameter case (Theorem [0.2]) follows the lines of the
proof for the one parameter.

Without loss of generality we can assume that the probability space €2 is represented as a
product, (,P) = (21 x Q2 x ... x Q,P; x Py x ... x P,;) and that the random dyadic grid
Di(w) on Xj, depends only on wy.

For a dyadic lattice D = D1 x Dy X ... XD, on X7 X X9 X ...x X, define the vector-valued
square function Sp taking values in ¢(Z")

Spf(k,z) := AP f(z), keZ" zeRY
Consider the space £ = L'(£2(Z") @ L*(Q,P)),

1/2
I fllz := /RN (/Q Z |f(k,w,:n)|2dIP’(w)> dx.

kezn

It is an L! space with values in the Hilbert space ¢?(Z") @ L?*(2,P). Note, that this Hilbert
space can be decomposed as £2(Z") ® L?(),P) = (2@ L?(Q1,P1)) ®@ (2@ L*(Q2,P)) ®...®
(2 ® L?(2,,P,)); here £2 = (*(Z).

Define the vector-valued square function, taking values in the space £?(Z") ® L*(Q,P) by

Sf(k,w,z) = Sp(,,) f(k,z), reRN, keZ" we.

Note, that S can be decomposed as a tensor product S =S; ®So®...® S,,, where S, is the
one parameter square function defined by (LI)) in variables z3, € Xj = RV, wy, € Q.
Clearly, as in the one parameter case, we have for the multi-parameter square functions

ISFI = Jx [EulSpe) f(@)?)]" da.
Similarly, for the square function S one can construct its vector version S with values
inH=H1Hs® ... 0 Hp, Hp = 1?2 @ L*(,P) ® 2™, Again, it is easy to see that
~ ~ 1/2
I8fllrce0 = Ji [EalSpi f@))] " de.
As it was already discussed in Section [[L2] operators Sy are (Hilbert-space-valued) one-
parameter Calderén—Zygmund operators, so S is the tensor product of such operators. And
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it is probably immediately clear to experts, that such operators map H'(X; ® Xo®...® X,,)
to L1.

One way to see that is to notice that S is a trivial case of multi-parameter Calderén—
Zygmund operators, and according to Theorem 2.2 in [7] such operators map H'(X; ® X, ®
...® X,) to L'. Of course, one needs to use a Hilbert space valued version of the theorem,
but it is clear to the specialists, that the proof from [7] works in this case. It is also clear that
while Theorem 2.2 in [7] is stated for R x R x ... x R, the proof works for X; @ Xo®...® X,
X = RNk,

For the reader who is not well familiar with multi-parameter H' spaces we present below
an alternative proof, which exploits the tensor product structure of S=S; ® So® ... Sy;
it uses only theory of one parameter H'-spaces. Of course, we will need the theory of H'-
spaces with values in a Hilbert space, but we need the vector valued theory in the above
multi-parameter reasoning as well.

There is one more reason for the presenting the one-parameter proof below: the reasoning
above gives the estimate [y [Ey(|Sp(w)f(2)*)] V2 g < C[lfllr(x)- The opposite estimate
follows from the inequality || f|| g1 < [ |Spf(x)|dx, which is trivial in one-parameter case. In
multi-parameter case, the same estimate, while true and known to specialists, requires some
some work to prove it. The one-parameter approach presented below gives a reasonably
simple proof of this estimate.

2.1. Multi-parameter H'-spaces. Recall, cf [I0, II1.4.4] that for for one-parameter Hardy
space H'(RY) the norm | ST f|, where S is the Lusin square function (aka Lusin Area
Integral)

St f(x) = / IV f (g, t) Pyt
I'z

(here I'y := {(y,t) : y € RVt > 0,|y — x| < t}, and f(y,t) is the harmonic extension of f
from RV to Rf“ =RN xR, ={(z,t) : # € RN ¢t € R, }) gives an equivalent norm.
One can consider the vectorization St of ST as follows. Let I' = I'y and define

St f(a,y,t) =tV (@ +y,t), axeRY (y,t) el

By construction SVf(z, -, -) € L*(T") ® C? and ||S"f(z, -, Nrzmec: = SLf(z), therefore
IS™ fll gy = 1S flhh- )
One can define multi-parameter square functions ST and SE by

SLf(azl,xg,...,a:n) =

/ |V1V2...an(yl,tl,yg,t2,...,yn,tn)|2><
le ><I‘x2><...><I‘xn

1/2
s NN N gt dyadty . dydt, |

here f(y1,t1,Y2,t2,...,Yn,tn) is the harmonic in each variable (yg,tx), yp € RY*, tp € Ry
extension of f from RN x RM x ... x RN to Rfﬁ'l X Ri\_fzﬂ X ... X Rf’”’l and Vj is the
gradient in the variable (yy, tx).

Following [I] we say that f € HY(X) = HY(X, ® X, @ ... ® X,,) if S¥f € L'(X) and
IS f||1 defines one of the possible equivalent norms in H'(X).
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We also define the vector-valued linear square function S¥ as Sf(x) = Stest®...®
SLf(r)eH=H1®H2®...®H,, where S% it one-parameter square function defined above
taken in the variable z, Hy = L?(I'y) ® C? and T, is the cone in Rf’ﬁl with the vertex at 0.

Again, by the construction ||SUf(z)|» = |S*f(z)|, so H§LfHL1(X;H) gives the norm in
HY(X).

We will use ST to define multi-parameter H' with values in a Hilbert space K; in this case
St f(x) € H x K. We introduced such spaces only for notational purposes, so while most of
the theory of multi-parameter H'-spaces can be transfered to the Hilbert-space-valued case,
we do not need this.

2.2. Proof of estimate fX [E., ]SfD f(@)]?)] V2 g < C|| fll 1 (x)- Consider a multi-param-
eter square function $9®...0 Sn, Where each Sk, 2<k<nis elther one-parameter S" or
one-parameter “random” square function S, defined in (1)), taken in the variable z.

Assume that the choice of Sk is fixed. For a scalar-valued f the function S, ®...08, f
takes values in ! := Hy ® ... ® H,, where each Hy, is either L2(I'z) © C2 or £2® L2(Qk, Py),
depending on what square function gk is.

Let SI,;, S; be the Lusin and “random” square functions, taken in the variable xj, and let
Hy = L*(T}) ® C? and My = 0> ® L?(Q4,P) be the corresponding target spaces.

Lemma 2.1.

S;®...®8 _dx < L 98 ®...08 -
/Xusl@sm ®Snf(:v)\l,,{,1®7{1d$—0/x‘|sl®S2® @ Sn (@)l g

Since the tensor products of square functions we consider does not depend on the order
(the square functions, taken in different variables obviously commute) the above lemma tells
us that one can replace a factor SL by S in Sl ® Sg ®...Q0 Sn f and increase the norm by
at most the factor C.

Starting with St ® Sy ®...® Sl f and applying Lemma 2T successively to each factor, we
get

/X||Sl®Sg®...®Snf(x)||H,dx§C’/X\|S%®S§®...®S%f(:n)\|7{d:n

which is exactly the desired estimate (here H' = H| @ HL @ ... @ H,, and H = H1 @ Ha @
@ Hp).

Proof of Lemma 2. Let us introduce notation = (z1,7') € X = X; x X!, where z! =
(T2, 23,...,0,) € X' :i= Xo x ... x X,,.
Consider the vector-valued function

Sf®S®.. 98, f=Ste (S, ®...98,)/f.
If

_dr < o0,
Hi@H!

[ st 0. 085w
we conclude that for almost all x?

(2.1) Sy ®...0S,f(-,2") € H(X1;HY),
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and

(22) [ IsteGe.e8)f@,,

_ 3 S g 1 1
_/Xl [82@ .. @8uf (ol oy o™

Note, that we have in (2.I]) the usual one-parameter H'-space (although vector-valued).
As we discussed above in Section [[L2] S; is a vector-valued Calderén—Zygmund operator,
so it maps one-parameter H' to L' (even in the Hilbert-space-valued case), so for almost all

2! we have

(2.3) /X 1919 B2 ® ... 08,) f(ar, )

<ClS2®...@8,f(-,zY)|

H, @H! day

HY(X157HY)

_ L o /(Q S 1

=C . ST ® (Se®...®8S,)f(x1,x )|]H1®ﬁ1dazl
Integrating over X! and taking into account (Z2), we get the conclusion of the lemma. [
2.3. Estimate HfHHl(X) < C [ |Spf(z)|dz. Proof of this estimate follows the lines of Sec-

tion almost word by word. It is based on the following analogue of Lemma 2.T] which
allows us replace one-parameter Lusin square functionsbe the dyadic ones. N
Consider again a multi-parameter square function Sy ® ... ® S,, where now each Sy,
2 < k < n is either one-parameter S™ or one-parameter dyadic square function Sp,, defined
in (L), taken in the variable z. We assume here that in each X}, dyadic lattices Dy are
fixed.
We will use the same notation as in Section [Z2] with the only exception that now #H) = 0

Lemma 2.2.

L Q Q < Q Q
/X ISt 08,0 ... 08, /@), . dr < C/X 80, 9825 080wl o

Applying Lemma 2.1 successively to each variable, as we did in Section 2.2] we get

[ I8t eshe.. wSkf@lydn<C [ 8o, ©Sp,@... 080, 7zl
X X

which is exactly what we need.

Proof of Lemma[2.3. Similarly to ([2.2]) we get

(2.4) [ 1809 8200 8)f @, s do

_ ] S gl a1 1
_/X1 1822 @ 8ul oty e
We will now use the fact that for Hilbert-space-valued functions ||¢||;1 < Cll¢|| - Again,
as in the scalar-valued case, it follows from H'-BMO duality ((H')* = BMO, (HL)* =
BMOp) and the trivial inclusion BMO C BMOp, which imply the inclusion Hil) C H' with
the desired estimates of the norms.
Using this inequality we get that for almost all 2

IS2® ... ®S,f(- 2"  <CS2@... @S, f(-,a)]

HHl(Xl;Hl) Hé(XNﬁl)‘



H' AND DYADIC H! 13

Integrating over X' and using (Z2), (Z4) we get the conclusion of the lemma. O

3. APPENDIX: SOME FACTS ABOUT H! AND BMO SPACES.

3.1. Hilbert-space-valued BMO spaces. Let us recall that a function on X = RY with
values in a Hilbert space H belongs to the space BMO = BMO(X, H) if

(3.1) o = s / (@)~ ol do < oo

here fQ Q! fQ r)dr and the supremum is taken over all cubes @ C RY.

If we fix a dyadic lattice D and take the supremum in(B.1]) only over dyadic cubes @ € D,
we get the dyadic space BMOp associated with this lattice.

It is well known that (H'(RY;H))* = BMO(RY; H) and (HL(RY;H))* = BMOp(RY; H);
any standard proof of H'-BMO duality would work for the Hilbert-space-valued functions.

3.2. Triebel-Lizorkin spaces f"¢ and equivalence of ||Sf|; and ||Sf||;. In this section
we fix a dyadic lattice D, for example take for D the standard dyadic lattice.

3.2.1. Spaces £3°?. Following [3] define the space fo'?, (¢ € R, 1 < p,p < oo, consisting of

sequences s = {SQ} gep such that
1/q
Isllze = || | 3201715 - QI 210)7 <o
QeD i

For p = 0o the norm is defined using BMO-like norm

1/q

sl = sup / S QI syl QI 1)1

QeD,QCP

We are interested in the case when the smoothness parameter o = 0; to simplify the
notation in this case we will use £ := £,
We will need the following facts about duality for spaces f oo
(Epny =627, 1<pg<oc;
here 1/p+1/p' =1,1/q+1/¢ = 1.

3.2.2. Almost diagonal operators. Following [3] we say that an operator A with matrix
is almost diagonal (for spaces £ = f£°9) if there exists ¢ > 0 and C' < oo,
such that

op—ml N @\ )\
|aQ,P|§O<1+max{€(P),€(Q)}> o (W) <@>

(the definition is a bit more complicated for f59 with s # 0)

It was shown it [3] that an almost diagonal operator is bounded in all fq spaces, 1 <,q,p <
0.

{aQ,P}Q,PeD
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3.2.3. Equivalence of ||Sf||1 and ||Sf||1. From the above result one can easily obtain the
equivalence of ||Sf||; and ||Sf|. First, since maxg |Agf|? < 2V Eg(|Agf|?) we have point-
wise estimate Sf(z) < 2V/2Sf(x) and so ||Sf||; < 2V/2||Sf]|1.

To get the estimate ||Sf[1 < C||Sf||1 let us express the conditions Sf € L, Sf € L' in
terms of Triebel-Lizorkin space f12 Namely, with each function f € LllOC let us associate 2
sequences a = {aQ }QeD and b = {bQ }QeD

1o = [(Boldg /) @] . by = (8p0) (@),

9

where R is the “parent” of @ and x is an arbitrary point in @ (the result does not depend

on z). Then clearly

171 = lallgss 1S £l = [l
Note that
1/2
ap=1(27" Y bl <27N2 N b | = T,
Q is child of R Q@ is child of R
where |b] := {‘bQ‘}QeD and for s = {SQ}Q€D

(T's) = 9~ N/2 Z Sq-
Q is child of R

The operator T is almost diagonal (it has only finitely many “diagonals”), so

15£1s = llalles < 17101l < CIL bl [l = Clbll2 = CIIS .
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