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A T(1) THEOREM ON PRODUCT SPACES
SANDRA POTT AND PACO VILLARROYA

ABSTRACT. We prove a new T(1) theorem for multiparameter singular integrals

1. INTRODUCTION

1.1. Historical introduction. In 1984 G. David and J.L. Journé (see [8]) published
their celebrated T'(1) theorem, a result that characterizes the L?-boundedness of non-
convolution integral operators with a Calderén-Zygmund kernel. In their theorem, the
necessary and sufficient conditions for boundedness are expressed by the behaviour of
the operator when acting over particular families of funcions: the belonging to BMO of
properly defined T'(1), 7%(1) functions and the so-called weak boundedness property,
which is the fulfillment of L? bounds when duality is tested over bump functions with
the same space localization.

Since then, many other proofs of this fundamental result in the theory of singular
integration have appeared, while it has also been extended to a large variety of settings.
Actually, only one year later Journé [20] established the extension to product spaces
when he proved an analogous result of L2-boundedness for multiparameter singular
integrals. Those are operators whose class of kernels is homogeneous with respect to
non-isotropic dilations of the form ps, s, (21,...,7,) = (121, ..,0,2,) for z; € R%
and §; > 0, where the number of parameters of the problem coincides with the quantity
of independent dilations. The simplest examples of such operators are convolution type
operators like the multiple Hilbert transform defined in R™ by

1
Hyoo Hy(f) = pov.f s ——
T1...Tp

or the multiple Riesz transforms defined in [];_, R% by

_ 7 (21) 75, (Tn)
Rj -+ R, (f) = f* (‘x1|d1+1 |xn’dn+1)
where 7}, is the orthogonal projection from R% into R that "keeps” the j;-coordinate.
A direct application of Fubini’s theorem shows that the multiple Hilbert transform is
bounded in all spaces LP(R™) for 1 < p < co. However, the situation is not so simple for
more general multiparameter singular integrals, specially if they are of non-convolution
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type. These multiparameter operators, even in the simplest cases, are very different
from their classical counterparts mainly because the singularities of their kernels lie not
only at the origin as in the case of standard Calderén-Zygmund kernels, but instead,
they are spread over larger subspaces. For example, in the case of multiple Hilbert
transform the set of singularities is the union of the coordinate axes z; = 0. As a
consequence, these operators are not in general weak type on L'(R™) and moreover,
the strong maximal operator does not control their boundedness properties.

The main motivation to extend the theory of singular integration to operators
that commute with multiparameter families of dilations comes from their close re-
lationship with multiplier operators in R™. Namely, in the same way the classi-
cal linear Hilbert transform is closely related to the Fourier partial sum operator
Sn(f)(@) = X hen f(k)e2mike  different multiparameter singular integrals are related
to different Fourier partial sum operators in several variables. In particular, the rect-
angular partial sums operator defined in R™ by

SNy N ()1, ) = Z Z ]?(k’l, o ko) €2k

is controlled by the multiple Hilbert transform. In section 3 we apply our main result
to extend boundedness of product multiplier operators to the non-convolution setting.

We highlight the fact that although the issue about multiparametric singular in-
tegrals was intesively studied more than twenty years ago, the field has experienced
recently a renewed interest as it can be seen from the recent papers [1], [11], [24], [25],
[26].

1.2. On Journé’s theorem. Journé’s result is the first attempt to characterize L2
boundedness of non-convolution multiparameter singular integral operators. As stated
before, many of the classical techniques, like for example a proper Calderéon-Zygmund
decomposition and the control of singular integrals by means of maximal functions,
are no longer available in the multiparameter setting. So, the method Journé chose to
overcome such difficulty was the use of vector valued Calderén-Zygmund theory. In
order to state his theorem in a simplified form, we require some notation.

Let A be the diagonal in R? and B be a Banach space. A continuous function
K : R?\ A — B is called a vector valued standard Calderén-Zygmund kernel, if for
some 0 < 6 <1 and some constant C' > 0 we have

1K (z, )| < Clo— ]~

1K (2,t) = K (@', )5 < C(lw — o' + [t = ¥'])°|x — 77

whenever |z — /| + |t — | < |z — t|/2. In this context, |K| usually denotes the best
constant in both inequalities.

Definition 1.1. A continuous linear mapping T from C3°(R)QCS (R) into its algebraic
dual is called a singular integral operator if there are K, K* : R*\A — L(L*(R), L*(R))
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vector valued C-Z kernels such that for fi, fa, g1, g2 € C°(R) we have

Themnesn) = [ [ At @0 o gdndn

whenever supp f1 Nsupp g1 = 0 and symmetrically for K?.

The definition of weak boundedness property makes use of the restricted operators:
given f;, g; € Cg°(R) for i = 1,2, let (T(f;), g;) : C°(R) — C§(R)’ defined by

(T (f2), 92) f1, 91) = ((T*(f1), 91) f, 2) = (T(f1 @ f2), 1 @ o)

Notice that the kernel of T for example is precisely (K'(x1,t1)(f2), go)-

Then, a singular integral operator 7' is said to satisfy the weak boundedness property
if for any bounded subset A of C§°(R) there is a constant C' > 0, that may depend on
A, such that for any f,g € A we have that

(T (fo,r), 9u.0)lcz = {T*(fo,r), Go.m) | L2®R)— 12(R) + | K| < C

where f, r(y) = R™Y2f(R™*(y — z)) and the same for g, g.
Finally, also associated with T we can define its partial adjoints as the adjoint
operators with respect to each variable, that is, the operator given by

(T1(f1 @ f2),01 ® g2) = (T(1 @ [f2), [1 ® ga)

and analogously for T5. Notice that Ty = T7.
With all these definitions we can state Journé’s result:

Theorem 1.2. Let T be a singular integral operator on R x R as described in def-
inition 1.1 satisfying the weak boundedness property and T'(1),7*(1),T1(1), T (1) €
BMO,0a(R?). Then T extends boundedly on L*(R?).

We would like to stress here how restrictive these conditions are, in particular the
definitions of singular integral operator and of the weak boundedness property. When
written in the language of vector valued Calderén-Zygmund theory they look quite
simple, but a more detailed description reveals all their complexity. The sufficient
hypotheses for T' to be bounded on L?(IR?) are the following ones:

a) The K' are vector valued C-Z kernels. This condition implies that K*(zy,t;) are
C-Z operators bounded on L?(R) and that, moreover, their C-Z norms defined
by [K' (21, t1)lloz = ([ K (21, t0) | 2y r2m) + [5G, 4, | satisty

K (21, t1) ||z < Clag — 6|~
1K (21, t0) = K (@), 8)llez < Cllan — 24| + [t — 1)) | — 84| 71°
whenever |z, — )| + [ty — )] < |71 — t1]/2 and the same for K?(x,,1,).

b) Weak boundedness property. This condition implies that (T*(fs r),gsr) are
also C-Z operators bounded on L?*(R) and moreover, their C-Z norms defined

as H<T1(fs,R)>gs,R>HCZ = ||<T1(fs,R>ags,R>HL2(R)—>L2(R) + \Kl\ satisfy

T (for), 9s.r)|loz < C
and the same for T2.
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) T(1), T*(1), Ty (1), T (1) € BMOpea(R?), the latter space being much more
complex that its one variable counterpart.

So, in order to conclude that the product operator is bounded, Journé’s theorem
assumes that ”some parts” of the operator, in particular the vector valued kernels and
the restricted operators, are known to be bounded a priori. This is quite a different
situation from the original 7'(1) theorem in which nothing is assumed to be bounded
a priori. However, for the same before mentioned reasons, the use of vector valued
theory was also adopted by other authors in later developments of singular integration
in product spaces (see [14], [15], [16], [20] and [21]).

Our purpose in the present paper is to state and prove a new 7'(1) theorem for
product spaces in which any hypothesis related to operators which need to be bounded
a priori disappear. Therefore, we give up with the use of vector valued Calderdén-
Zygmund theory and instead, we seek other sufficient hypotheses for L2-boundedness
which are much closer to the spirit of the classical T'(1) theorem of David and Journé:
conditions related with scalar decay estimates of the kernel and with the behaviour of
the operator over special families of functions. To get such new hypotheses, we combine
the three classical conditions (kernel estimates, weak boundedness condition and 7'(1) €
BMO) appropriately to their separated action over different parameters to generate a
range of new mixed conditions. For example, in the bi-parameter case we consider
new properties by combining two classical ones, namely kernel decay estimates in one
parameter and weak boundedness property in the other parameter, to get what we call
the mixed "kernel’-’weak boundedness’ condition. As a result, we obtain nine different
conditions that cover all possible combinations. This procedure better preserves the
symmetry given by the product structure of the kernels and therefore, it is better suited
for the general multi-parameter situation.

Moreover, in lemma 8.1 we obtain a decomposition of the operators under consider-
ation which shows that the quantity and the statement of our conditions are the right
ones in the sense that they describe entirely their boundedness properties. We would
like to highlight the role played by some of those conditions that give sense to a new
class of paraproducts which do not appear in previous developments of the theory. We
plan a deeper study of such operators in forthcoming papers.

The main advantage of our approach is that, at least in principle, the result can
be applied to a larger family of operators since in our hypotheses no operator is ever
assumed to be bounded a priori. Actually, none of the examples treated in section 3
are under the scope of Journé’s theorem. Moreover, those new conditions should, again
in principle, be easier to be tested since there is no need to calculate operators norms.

As a minor advantage of our result we mention the fact that, due to the use of
vector-valued C-Z theory, Journé’s result needs to impose the following condition on
the kernel f|zfy|>2k|x7z,‘ |K(z,y) — K(2',y)|dy < C27%, which is slighlty less general
that the classical f\x—y\>2\r—w/\ |K(x,y) — K(2',y)|dy < C. In our case, some standard
arguments allow to apply our theorem to operators whose kernels satisfy the latter
condition.
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On the other hand, the prize to pay by adopting this new point of view is a larger
number of hypotheses, growing rapidly with the number of parameters. In the case of
n-parameter operators we have to deal with 3" hypotheses to ensure that the operator
is bounded. However, although Journé’s theorem only requires three conditions and
So its statement remains as concise as in the uni-parameter case, when the number of
parameters grows, these three hypotheses need to be applied iteratively. Then, one
might also say that the number of conditions also increases exponentially. From this
perspective, the vector valued formulation turns out to be a clever way to encode the
complicated structure of the problem and when one unfolds all the information, the
complexity always grows accordingly.

Finally, it has to be said that either Journé’s theorem and our result exhibit a
common weak point: the given sufficient conditions for boundedness of product singular
integrals are not necessary. This was first shown by Journé (see the same paper [20])
when he constructed an example of a bounded operator for which the partial adjoint
T1(1) is not in BMOpea(R?). The problem is that either in his theorem and in ours,
the stated conditions imply not only boundedness of 7" but also of 77 (and so in such
case T (1) will have to be in BMO,,04(R?)). The underlying reason for this is that the
partial adjoint of a bounded operator on L*(R?) is not necessarily bounded. Or in the
language of operator spaces, taking adjoints is not a completely bounded map.

The paper is organized as follows. In section 2 we define all the sufficient hypothe-
ses for L2-boundedness of biparameter singular integral operators and state our 7'(1)
theorem. We also state without proof the analogous results for multiparametric oper-
ators in several variables. In section 3 we apply our main result to prove boundedness
of non-convolution operators previoulsy studied by R. Fefferman and E. Stein in the
convolution setting.

We start the proof of our result in section 4 by the rigourous definition of the functions
T(1) and T'(¢;®1). In section 5 we obtain an appropriate estimate for the rate of decay
of the action of the operator over bump functions when special cancellation properties
are assumed. Sections 6 and 7 focus on the proof of L? boundedness and the extension
to LP spaces respectively, both of them under the special cancellation hypotheses. The
latter case makes use of new bi-parameter modified square functions whose boundedness
is a direct consequence of analogous uni-parameter modified square functions. Proof
of boundedness of these new square functions is provided in an appendix at the end of
the paper. Finally, in section 8 we construct the necessary paraproducts to prove the
result in the general case, that is, in absence of the cancellation assumptions.

In a sequel of the present paper, we plan to deal the endpoint case of boundedness
from L*°(R?) into BMO,0a(R?).

We would like to thank Anthony Carbery and Jim Wright for valuable conversations
and helpful comments. We would also like to acknowledge the School of Mathematics
of the University of Edinburgh for the stimulating research environment provided under
which great part of this work was carried out.
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2. DEFINITIONS AND STATEMENT OF THE MAIN THEOREM

Definition 2.1. Let A be the diagonal in R?. A function K : (R?\ A) x (R?\ A) - R
1s called a product Calderon-Zygmund kernel, if for some 0 < 6 < 1 and some constant
C > 0 we have

K| < O]

i=1,2

!K@ﬂ—me%M%%D—KWEbM%b»+KWWHSCH*

whenever 2(|x; — x| + [t; — t]) < |x; — . =1

1
|lz; — i

|2 — @] + |t — t])°
‘$i_ti’1+6

Remark 2.1. The second hypothesis is satisfied if we assume the stronger smoothness
condition

‘atlatQK(x’t” + ’8t13x2K($,t>| + |89018t2K(x?t)| + |aw16x2K($ﬂt>| < C H ’xl - ti|7176
i=1,2

(notice that the derivatives Oy, 0, K(x,t) and 0,,0,,K(x,t) do not appear in this con-
dition). This is due to the trivial inequality
K (2, t) = K((21,25), (f1,15)) — K((27, 22), (£, t2)) + K (2',1)]
< |K(x,t) — K((z1,72), (t1,15)) — K((21,22), (t1,12)) + K (2, ')
HE ((21,22), (t1,15)) — K((21,25), (t1,t5)) — K ((z1,72), (t1,t5)) + K ((21,25), (£, 3))
HIK (1, 22), (11, t2)) — K (21, 22), (1), £5)) — K (), 22), (11, £2)) + K (2], 22), (1, 13))
K (2, ) = K((21,25), (#1,15)) — K((2}, 22), (t1,13)) + K (2, 1))

Moreover, as in the classical setting, the same result can be achieved assuming the
weaker integral conditions

/ K (2,0) — K((z1,20),8) — K((&, ), 8) + K(2/, )] dtrdts < C
2w —a | <|@i—t;]
and

/ |K (z,t) — K(z, (t1,t)) — K(z, (t],t2)) + K (z,t")|dxidzy < C
Q‘ti—t;‘g‘l’i—til

Given a bilinear form A : S(R?) x S(R?) — C, we define associated linear operators
T, adjoint bilinear forms A;, and restricted linear forms A?, in the following way:

Definition 2.2. (Dual operators). Given a bilinear form A, we define linear operators
T, T* through duality:

(T(f),9)=(f,T"(9)) = Af,9)
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Definition 2.3. (Adjoint bilinear forms). We define the adjoint bilinear forms A; such
that for f = f1 ® fa, g = g1 ® go functions of tensor product type, we have

M(f,9) =AMa1® fo, 1 ® g2), Aa(f,9) = Afi ® 92,01 ® fa)

and then extended by linearity and continuity.

These new bilinear forms are also associated with linear operators 17, T, via duality

which in the case of tensor products, f = fi ® f2, g = g1 ® ga, satisfy

(T1(f1 @ f2), 91 ® g2) = Mi(f, 9) = AMg1 @ f2, 1 @ g2) = (T'(91 @ [2), f1 ® ga)
Notice that T, = T} and T35 = 1.
From now we will sometimes denote Ag = A and T associated to Ay.

Definition 2.4. (Restricted bilinear forms). We define the restricted bilinear forms by
(M (f292) 1, 1) = (N*(f1, 91) f2, 92) = AL @ fa, 91 @ g2)

We will call restricted operators T to the linear operators associated with the restricted

bilinear form A" through duality N'(f;, g;) = (T*(f;), 9;)-

Notice that the kernels of the forms A’ depend on the variables of the functions f;, g;
and so we will often write Aij,xj~ The same holds for the restricted operators. Also
notice that most ot the times we use subindexes to denote the partial adjoint operators
or forms while we use superindexes to denote the restricted ones.

Definition 2.5. A bilinear form A : S(R?) x S(R?) — C s said to be associated
with a product Calderon-Zygmund kernel K if it satisfies the following three integral
representations:

(1) for all Schwartz functions f,g € S(R?) such that f(-,t2),g(-, z2) and f(t1,), g(z1, )
have respectively disjoint supports, we have

M) =[] 09K ) ded

(2) for all Schwartz functions f1, fa, g1, g2 € S(R) such that fi and g, have disjoint
supports, we have

A(f,g9) = /R2 /]1{2 fi(t)gi(x1) A (fo, g2) dty day

(3) analogous representation for A%.

If the form is continuous on S(R?) x S(R?) then it will be called a bilinear Calderdn-
Zygmund form.

With a small abuse of notation, we will say that a bilinear form is bounded on
LP(R?) if there is a constant C' > 0 such that |A(f, g)| < C||fllzr@2) 9]l v g2y for all

f,9 € S(R?).
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As mentioned in the introduction, boundedness of the bilinear form A implies bound-
edness of the dual linear operators 7" and T™, but it does not imply boundedness of any
of the adjoint bilinear forms A; nor their corresponding associated adjoint operators
T;, T7. In other words, boundedness of A on L*(R?)

A e g e )| <o Yo e
implies boundedness of A; only on L*(R)®L2(R):
M e 2 Y g @ g = | DDA @ 7 1 @ gy)

Q\I;gT@g?z ,

<CY g lall £l 295 12 = C Y AT @ f321l2 Y g™ ® g5l
n,m n m

Definition 2.6. For every interval I C R we denote its centre by c(I) its and length
by |I|. Then, a L*(R)-normalized bump function adapted to I with constant C > 0 and
order N € N, is a Schwartz function ¢ such that

60 ()| < O[T+ |1 e — (D)™, 0<n< N

We will call standard cube to the cube in R? of measure one centered at the origin.
A bump function ¢ adapted to the standard cube of order N is a Schwartz function
satisfying
0%¢(x)] <C(L+[2)™™, 0<a| <N
A bump function ¢ is said to be adapted to a box R in R?, if for any affine linear
transformation A transforming the standard cube into the box R, the function

| det(A)[*(Ax)

is a bump function adapted to the standard cube. This definition does not depend on
the finite choice of the linear transformation.

Observe that all these bump functions are normalized to be uniformly bounded in
L?*(R%). The order of the bump functions will always be denoted by N, even though its
value might change from line to line. It is also worthy to say that we usually reserve
the greek letter ¢, ¢ for general bump functions while we reserve the use of ¢ to denote
bump functions with mean zero.

Definition 2.7. We say that a bilinear form A satisfies the weak boundedness condi-
tion, if for any rectangle R and every pair ¢r,pr of L?*-normalized bump functions
adapted to R with constant C', we have

|A(¢r: pR)| < C

Definition 2.8. We say that a bilinear form A satisfies the mized weak boundedness-
Calderén Zygmund condition, if for any interval I and every pair ¢r, o1 of L*-normalized
bump functions adapted to I with constant C', we have

AL L, (Dr )] < Clty — ;)™
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(AL 2, = Al ) (01, 00| < Cllay — | + [ty = 1)ty — 570
whenever 2(|x; — x| + [t; — t5]) < [t; — x4| for all i, j € {1,2}.
Obviously, the second condition is implied by the smoothness condition

‘atinj,zj (¢17 (10[)| + |a$jAzz;j,zj (¢17 QOI)| < C’tj - ‘Tj|7(1+6)

Finally, we notice that, in order to simplify notation, from now being the space
product BMO, that is, the dual of H'(R?) will be simply denote by BMO(R?).
We can now state our main result,

Theorem 2.9. (bi-parameter T(1) theorem). Let A be a bilinear Calderén-Zygmund
form satisfying the mized WB-CZ conditions. Then, the following are equivalent:
(1) A; are bounded bilinear forms on L*(R?) for alli=0,1,2,
(2) A satisfies the weak boundedness condition and the special cancellation condi-
tions:
a) T(1),T*(1), Ty (1), Ty (1) € BMO(R?),
b) (T(¢r®1), 1@-), (T(1Q¢1), - @p1), (T*(¢r®1), 0r@-), (T*(1Q¢1), -Qp;) €
BMO(R) for all ¢, w1 bump functions adapted to I with norms uniformly
bounded in I.

We remark that boundedness of those operators T; and 7T} for i # j are not equivalent.
A way to show this is by considering Carleson’s example that proves BMO,..(R?) C
BMO(R?). In [2], he described a recursive process to construct a sequence of func-
tions such that ||b,|/Bmo,.r2) = 1 while ||by|lymo,,,q@®2) > Cn where (C,)nen Was an
unbounded sequence of positive numbers. Then, we can consider paraproducts associ-

ated with that sequence of functions

To(f) = (bus YR (f 07) R

1

rec

in such a way that |1, ||r2®2)—r2®2) = ||bnllBMO,,0q®2) = Crn While [T || 2®2) - 22 @®2) =
160 || BMO,eer (R2) < C. This shows again that none of the conditions 77 (1) € BMO(R?),
T} (1) € BMO(R?) are necessary for boundedness of 7T'.

We end this section by stating the analogous result in the multiparameter case. We
simplify the notation as much as possible.

Let m < n and ny,...,n, such that n = >" n;. Let K : [[",(R"\A,,) = R be
such that

K (x,t)] < O] i —tal ™

i=1

Vi, -+ Vi, K, 1) < CT o — o=+
i=1

where z;,t; € R™ 0 <9 < 1.
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Definition 2.10. (Restricted bilinear forms). Let Ny, No C {1,...,m} such that Ny U
Ny =A{1,...,m} disjointly. Given a bilinear form A, we define the restricted bilinear
forms by
(A (@jem [7: @jem95) Qjens [5, Djenz95) = Af, 9)

for f =@M, fi, g = ®",9; with fi,g; € S(R™), and then extended by linearity and
continuaty.

We will call restricted operators to the linear operators associated with the restricted
bilinear forms by duality.

Notice that the kernels of the forms AM depend on the variables of the functions
®jens [, ®jen,g; and so we can write Ag}l,j.

Definition 2.11. A bilinear form A : S(R")xS(R") — C is said to be associated with a
product Calderon-Zygmund kernel K if it satisfies the following integral representations:

(1) for all Schwartz functions f,g € S(R™) such that f(-,t3), (-, x2) and f(t1,-), g(x1,-)
have respectively disjoint supports, we have

A(frg) = / gt Kt de

(2) for every N1, Ny C N such that Ny U Ny = {1,...,m} disjointly and for all
Schwartz functions f;, g; € S(R) such that f; and g; with j € Ny have disjoint
supports, we have the integral representation

A(f,9) = / / ®Rjeny fi(t;) @jen, 95(25) AN, (®jen, fi, ®jen, g;) dt; da;
R”NQ RnN2

with ny, = 3N, M-
Definition 2.12. We say that a bilinear form A satisfies the weak boundedness con-

dition if for any boxr R C R"™ and every ¢gr, pr L*(R"™)-normalized bump functions
adapted to R with constant C' we have

‘A(QZ)R’ @R)‘ < ¢

Definition 2.13. Let WB,CZ C {1,...,m} such that WBUCZ = {1,...,m} disjointly.
We say that a bilinear form A satisfies the mized weak boundedness-Calderdn Zygmund
condition if for any R = [[,cyp Ri and every ¢r,pr bump functions L?(R2iewm ).
normalized and adapted to R with constant C' > 0, we have

‘AE;B,%] (¢R>90R)| < C H ’tij — yijlil

jecz

!<Alf.jiij — Al 2 )(Broor)| < C ] (s, =t + s, — 1)t — iy |-+
7 jecz

Theorem 2.14. (m-parameter T(1) theorem). Let A be a bilinear Calderdn-Zygmund

form with associated kernel K satisfying the mized WB-CZ conditions.

Then, the following are equivalent:
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(1) A; are bounded bilinear forms on L*(R™) for all 1,

(2) A satisfies the weak boundedness condition and the following sequence of spe-
cial cancellation conditions: for every k € {ni,ny + na,...,n} and all bump
functions ¢g,, pr, € S(R™) both adapted to R; C R™ we have

(T1®...01® ®gas), Pra—t) € BMO(RF)

where Ppn—k = ¢pp, @ ... ® ¢r,_, and Ppnk = Pp, ® ... ® YR, _, With norms
uniformly bounded when varying over the boxes R" % = H?:_lk R;. The same
condition applies for all possible permutations of the entries in 1®...Q1RQP pn—r
(in total (", ) 2" conditions).

3. APPLICATION

We give now an example of how our results can be applied to the study of bound-
edness of operators defined by product kernels.

In [17], R. Fefferman and E. Stein explain that in some boundary-value problems, in
particular in the -Neuman problem, one faces convolution operators defined in R**?

with kernels like
th 1

([t12 4+ €7 ) D2 2 4 ity
with t € R™ and ¢,1; € R, which are product of two kernels with different types of
homogeneity. With this motivation in mind they prove the following

Theorem 3.1. Let K be a kernel defined in R™ x R™ by K(t) = K1(t)K>(t) such that
Ky is homogeneous of degree —n with respect the family of dilations t — (0ty,0%2) for
all 6 > 0 and fized a > 0 while K5 is homogeneous of degree —m with respect the family
of dilations t — (6°ty, 8ty) for all 6 > 0 and fived b > 0.

It is also assumed that K(t1,0) has mean zero on the unit sphere of R", K5(0,ts)
has mean zero on the unit sphere of R™ and

’ / K(t)dt| < A
a1<[t1]<B1,02<|t2]|<B2

for all 0 < «; < B;. Then, for all 1 < p < o0,

HK * f”Lp(Ranm) S C’p”fHLp(R"LXRTrL)
where the constant C,, depends on A and p.

Kk(t7 tn+1) =

In their paper, Theorem 3.1 appears as a corollary of the following more general
result:

Theorem 3.2. Let K : R" x R™ — R be an integrable function that satisfies
(1) the kernel conditions: for t = (t1,t2), h = (hy, hs),
(a) [K(t)| < Alta|™"[t2] ™
(b) |K(ty + hy,ta) — K(t)] < AR [t |70 to| ™™ whenever 2|hy| < |t
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(¢) |K(t,ta + hy) — K(t)| < A|h|%2|t,|7"|ta] "™ %2 whenever 2|h| < |ty
(d) [K(t+h) =K (tithy, o) =K (tr, tathe) + K (8)] < Alha | [ho| 2 [t |70 [t 7%
whenever 2|hy| < |t1], 2|ha| < |t2]

(2) the cancellation condition: fa-<\t~|<,8' K(t)dt’ < A forall0 < a; < 5;

(3) the mized kernel-cancellation conditions:
(a) ’lf Kl(tl) = fa2<|t2\<52 K(tl,tg)dtz then
(1) [Ki(t)| < Afta|™
(11) ‘Kl(tl + h1> - Kl(tl)’ S A’h‘dl‘tl‘iniél whenever 2’]]1’ < ‘tl‘

(b) similar conditions for Ky(ty) fa1<‘t1|<ﬂ1 K(ty,to)dt;.

Then, for all 1 < p < oo,
1F % Klloanczm) < A lFIP(R" x R™)
with A, depending only on A and p.

It is not difficult to see that that conditions of Theorem 3.2 imply the hypotheses
of Theorem 2.9. Conditions (1) — a) and (1) — d) imply K is a product Calderén-
Zygmund standard kernel while (2) implies that the convolution operator 7" with kernel
K satisfies weak boundedness condition and 7'(1),7*(1),71(1),77(1) € BMO(R™ x
R™). On the other hand, the mixed type hypotheses of Theorem 2.9, that is, the
mixed WB-CZ condition and mixed T(1)-CZ conditions follow from (1) —b), (1) — ¢);
and (3) respectively.

Even more, Theorem 2.9 allow us two extend Theorem 3.2 to the case of non-
convolution kernels, a result that is stated below.

Definition 3.3. Let K (x,t) with x,t € R™ xR™ be an integrable function that satisfies

(1) the kernel conditions:

(a) [K(z,t)] < Alts[7"[E5| ™"

(b) [E((2},22), (11, 12)) — K(2,8)] < A(jay — 2| + [t — #7770t ™™
whenever 2(|xy — | + [t1 — t1]) < |t1]

() [ ((1,29), (t1,15)) — K(z,8)] < A(lwa — ah| + [ta — t3])%2[ta] 7" [ta] 7"~
whenever 2(|xg — xh| + |ta — th])| < |to]

(d) |K($/,t/) - K((:E/hx?)v (t/ht?)) - K(($1,ZL’/2), (tlvté)) + K(l‘,t>|
< Allzy — 2] + [t = 11]) (Joa — 2h] + [t — t])°2 b2 |7 [t 7702
whenever 2(|x; — | + |t; — t)]) < |t;| fori=1,2

(2) the cancellation condition: | [ K(xz,t)dt| < A

a1<[t1|<B1,2<[t2] <2
(3) the mized kernel-cancellation conditions:
(a) Zf Kl(l’,tl) = fa2<\t2|<ﬂ2 K(I,tl,tg)dtg then
(1) [Ky(z,tr)] < Aty
(i) [K1((2h, 22), 1) = Ki(z, t1)| < Aoy — 24| + [t — 85 ])° [t |77
whenever 2(|zy — | + |[t1 — t1]) < |t1]
(b) similar conditions for Ky(x,t2) = [

a1 <|t1|<pB1

K(.’L’, tl, tg)dtl
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Definition 3.4. We say that an operator T is associated with K if
1)@ = [ - Kt
Rn xR™

whenever x & sup (f).
Then, we have

Theorem 3.5. Let T be an operator associated with K satisfying all the conditions of
definition 3.3. Then, For all 1 < p < oo,

T ()|l rmnxrmy < Apl| fI|LP(R™ x R™)
with A, depending only on A and p.

Sketch of proof. To give a flavour of the ideas involved on dealing with non con-
volution kernels in the product seeting, we outline how hypotheses of Theorem 3.5
imply the ones in Theorem 2.9. In particular, We partially show how the mixed weak
boundedness Calderén-Zygmund condition [(T} , (é1),¢1)| < Clzy — 1|~ and the
cancellation property (T'(¢; ® 1), 0 @ -) € BMO( ) are checked.

Let I be a fixed interval. We consider ¢r = |I|7Y/23, arxr, to be an approximation
by step functions of a general bump function adapted to I, where the intervals I are
pairwise disjoint and of the same lenght || < € as small as we want. We consider a
similar description for ¢;. Then,

(Ty, 0 (01), 1) = hm|[| ' Z arb; Xr (@2)xr, (t2) K (2, @ — t)dtadzy

kjEZ xz t2‘>6

117 aih Ty

k,jEL

so we just need to bound

where T}, ; denotes the integral in the sum, independently of € > 0 and |I|.
When k = j,

Tk,k = /|$2—C(Ik)| < |Tx|/2 K(m,.f—t)dtzdxg = /1‘2| < |Tx|/2 K(.Tl,xg—C(]k),.T—t)dthxQ
[tz — c(Ik)] < [1k]/2 [t2] <|1k|/2

‘I27t2|>€ |$27t2|>€
= K — (] — tq, ty)dtad
/Wuk/z sy < Koz =l =t o)t
[ta] > €
= K — (] —t1,to)dt
/0<x2<llk/2 </|z2_t2|<|lk/2 (w1, 22 = e(I), 21 — 1, 12ty
to| > €

+ /| — 2o —to] < |I1]/2 K(Il, —XTy — C(_[k),ﬂfl — tl,tQ)dt2>dI2

[ta] > €
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By addition and substraction the inner sum in last expression equals
(3.1)

|z — ta] < |T4|/2 K(l‘l,xz—c([k),l‘l—tl,tg)dtz-f—/ — o — to] < |I4|/2 K(l’l,xQ—C(Ik>,$1—t1,t2)dt2
[ta] > € [ta] > €

+/ o — ta] < |I4]/2 (K(:Cl, —X9 — c(Ik),:cl — tl,tg) — K(xl,:cg — c(Ik),:cl — tl,tg))dtg
[ta] > €

The first two terms can be rewritten with a symmetric domain of integration as

/ K(Il,l'g —C(Ik>,l'1 —tl,tQ)dtQ
lz2 = [k]/2] < [t2] < |2 + [1k]/2|

+2/ K(Jﬁ'l,xg — C([k),.Z'l — tl,tg)dtg
€ < [ta| < w2 — |I|/2]

where the second integral is zero if |xo — |Ix| /2| < €. Then, by the hypothesis 3.a.i) with
g = |zg — |Ix| /2|, B2 = |z2 + |Ix|/2] for the first integral and ay =€, By = |9 — |I1|/2|
for the second one, we can bound them by 3A|z; — t;|~™.

Meanwhile, the last term in expression (3.1) can be treated by condition 1.c) and
bounded by

J iy 2l = el <l — ]
[t2| > €

With both things we get

‘ /1‘2 —e(Ip)| < |Tx|/2 K(x — t)dthxQ‘ S / 314(1 -+ |£L'2|62)|]}1 - t1|7nd$2
[t —c(Ik)] < |Ik]/2 0<ma < |Ig]/2
|$2 7152‘ > €

Finally, since we may assume |by| < 1 and ), |ax||x] < C|I|, we end this case
with the following bounds:
17D larl bl Tewl < CHITHY lanl el CAJzy — ]| I < CAJay — 1]
keZ keZ

The case k # j is technically more complex since we need to consider several terms
together in order to get the same kind of symmetry in the domain of integration.
Despite this, the same type of ideas apply: the kernel decay estimates allow to obtain
a similar result and prove this way the mixed WB-CZ condition.

On the other hand, let ¢); an atom. Then,
(T(pr®@1), 01 @y)

= lim lim //l ‘ X)\](.I'Q)wg](tg)u’*l Z akbj // X]k(.fb'l)X]j (tl)K(CE,Z’—t)dtdﬂf

A—00 €0 kjeZ lzr —t1| > €
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= lim lim // o (z2) g (t2)| 1]~ Z arb; Ty, (2, to)dxadty
|.7U2 — tz‘ > €

A—00 =0
k,jEZ

and we bound the last expression independently of A > 0. By using the mean zero of
1y this is equal to

lim// XM(%WJ(@)(U!_I Z agb; Ty j (2, ta)dxo—|I| 7! Z akbka,j(I%O))dxzdtz
|zo —ta| > €

e—0
k,jEZ k,jEZ

now by a similar argument as before but using the smoothness condition instead the
decay we can bound by

iy [ Jus(t2)| [ ot (2)[C Al — o~ dazdty < CAs e
€ |xg —t2] > €

4. DEFINITION OF T(1), (T(¢; ® 1), 7) AND (T(¢; ® 1), ;)

In this section we give a rigorous definition of T'(1), (T'(¢;®1), 1) and (T'(p;R1), )
as distributions modulo constants. The approach is similar to the uni-parametric case
and so we will follow some of the arguments in [28].

We start with the technical lemma that gives sense to T'(1) (and also the partial
adjoints T;(1)). The condition 7'(1) € BMO(R?) means that the following inequality

(T(1), /)l < O fllar w2

holds for all f that belong to a dense subset of H!(R?). In our case, such dense subset
will be the family of Schwartz functions f compactly supported with mean zero in each
variable, meaning fR x,t)dx = fR x,t)dt = 0. Then, in order to give a proper sense
to the left hand side of previous mequahty we use the followmg lemma:

Lemma 4.1. Let ® € S(R?) such that ®(x) = 1 for ||z < 1 and ®(x) = 0 for
|lz|| > 2. Let A be a Calderdn-Zygmund bilinear form with associated kernel K. Let
S be a rectangle and f € S(R?) with compact support in S and mean zero in each
variable. Then, the limit

L(f) = lim A(Tis)Dorrysy| 202155 P f)

kl,kg—>OO
exists. Moreover, we have the error bound
IL(f) = A(Tois)Darr (5, .272150 @s )] < C270EHR2)| £l 11 e
where 0 is the parameter in the Calderon-Zygmund property of the kernel K and the

constant depends only on ® and A.

Proof. For simplicity of notation we shall assume that S is centered at the origin.
For k € N? with k; > 1, we set ¢, = D2k1‘51|72k2‘52|® — D2k1—1|51|,2k2—1‘52‘¢ and we
estimate |A(¢y, f)].

Since the supports of 1, and f are disjoint, we use the kernel representation

AWy, f / Up(t) f(2) K (x, t) dtdx
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Due to the support of f we may restrict the domain of integration to |z;| < |S;|/2 while
due to the support of 1, we have 2% S;| < |t;| < 2~iTL|S].
Using the mean zero of f in each x; variable we rewrite the above integral as

/wk(t)f(fﬂ)(K(% t) — K((21,0),t) = K((0, 22),t) + K(0,1)) dtdz

Since 2|z;| < |S;| < [t;] we use the properties of product C-Z kernel to estimate the
last display by
j21]° |22]®

c / DO @l T dede

and using again the restriction on the variables we estimate now by

1 1 1 1
c / v 1 1
] <2815 |f( )‘2k1(1+6) \51\ k2 (1+9) 152|

This estimate proves that the sequence (A(Dary g, | 2+2(5,| P, f))r>0 is Cauchy and so the
existence of the limit L(f).

Now the explicit rate of convergence stated in the lemma follows by summing geo-
metric series: for every k € N?, and every 0 < e < 27 ®1Fk2)| £|| 11 zo) let m € N? be
with modulus big enough so that 2= +m2)%|| f|| 11 g2); then,

dtdx < C277027F20| £l L gey

mi ma
|L(f) = A(Dakr sy 28215, Py F) < |L(f) = A(Damuysy| 2mz (s, @, )] + Z Z IA(w, £
K =k1 K=k
m1 mo
et C YN 2 £ ey < 2R £l
K, =k k)y=ks

and the proof is finished.

It can be easily proved that the definition of 7'(1) is independent of the translation
selected proving that L is invariant under scaling and translation. Moreover, it can
also be shown that the definition is independent of the chosen cutoff function ®.

We notice that, since we have only worked with smooth atoms, strictly speaking we
haven’t finished the definition of T'(1). To do it rigorously, we should prove that the
sequence (T'(Dypy iy ®))pezz is uniformly bounded in BMO(R?). Then, using that the
unit ball of the dual of Banach space is weak*-compact, we can extract a subsequence
of previous sequence which converges to L(f) for functions f in C*°(R?) with compact
support. Finally, since these functions are dense in H'(R?), we can deduce that pre-
vious functional can properly been extended to all H*(R?) and that T(1 ® 1) is the
unique limit in BMO(R?) of the previous sequence. We will not get into any further
detail about this.

We move now to the definition of (T'(¢; ® 1), o1 ® -) following the previous schedule.
The condition (T'(¢; ® 1),¢; ® -) € BMO(R) means the fulfillment of the following
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inequality

(T(pre 1), 01 )] <Clfllaw
for all f that belong to a dense subset of H'(R). In this case, such dense subset will
be the family of Schwartz functions f compactly supported with mean zero. Then,

in order to give a proper sense to the left hand side of previous inequality we use the
following lemma:

Lemma 4.2. Let ® € S(R) such that ®(x) =1 for |z| < 1 and ®(z) =0 for |z| > 2.
Let S be a rectangle and ¢s,, ps, be two L?-normalized bump functions adapted to S;.
Let f € S(R) be supported in Sy with mean zero. Then, the limit

Lys, o5, (f) = klggof\((ﬁsl ® Ty(sy)Dak|5,| P, 05, @ f)

exists. Moreover, we have the error bound

|Los, o5, () — Mg, ® To(s)Darjs, @, 05, @ f)] < C27%| fll oy

where § is the parameter in the Calderon-Zygmund property of the kernel K and C
depends only on ® and A.

Proof. We mimic the proof of previous lemma and for simplicity of notation we assume
that Sy is centered at the origin. For k > 1, we set ¢ = Dok|g,|® — Dar-115,|®. We will

estimate |A(¢S1 ® ¢k7 ¥S, ® f)|
Since the supports of ¢, and f are disjoint we use the kernel representation of the

: 2
restricted operator Tj .

A(¢S1 & wlw 1/]5'1 & 1/)52> = /¢k(t2>f(x2)<71227x2(¢31)7 9051> dtadzs

Due to the supports of f and 1), we have || < [S2|/2 and 2871 Sy| < [to| < 28] S,
respectively. Using the mean zero of f we write the above integral as

/ Bult2) F (22 (T2, — T2 ) (s, 05,) dtadz

Since 2|xs| < S| < |to|, by the mixed WB-CZ properties we can estimate the last
expression by

|2/°

/Wk (t2)[1f( $2)|C\t BE dtyds

and finally due to the restriction on the variables we can estimate by

1
C/ f dtsdy < C2 f||1n
\t2|<2’€|82\| (. )|2’€ 1+6) |5 | 20b2 || HL (R)

As before this estimate is summable in k&, which proves that the sequence (A(¢s, ®
Dakis,1®, 05, ® f))r>0 is Cauchy and so, the existence of the limit L(f). The explicit
rate of convergence stated in the lemma follows again by summing a geometric series.
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Notice that the functional Ly ¢ may be indistinctly denoted by Apg, ®1, pg, &),
<T(¢S1 ® 1)a Y5 & '>7 <<T1(1)7 '>¢51> ¢Sl> or <T2<¢S1)7 (,05‘1>]- since

A(¢51®17()051®f) = <T(¢51®1)7()051 ®f>
= <<T1(1)af>¢317()051>
= <<T2(¢51>780S1>17f>

Notice that this way the condition Ly, ,¢ = 0 turns into (T%(¢s, ), ¢s,) = 0 for all
¢sy, s, adapted to Si. On the other hand, the condition Ly o € BMO(R) turns

into (T?(¢s,), ps,)1 € BMO(R) or (T'(¢s, ® 1), s, )z, (x2) € BMO(R) for all ¢g,, ps,
adapted to S;.

Finally we define (T'(1 ® ¢;), - ® 1;) when ¢y, 1, have disjoint support and v; has
mean zero. We follow similar schedule as before by mixing the two previous cases. The
condition (T'(1 ® ¢;),- ® ;) € BMO(R) means that

(T(1® 1), f @Y < Cfllam

for all f that belong to a dense subset of H!(R). Again, the dense subset will be the
family of Schwartz functions f compactly supported with mean zero. Then, in order
to give a proper sense to the left hand side of previous inequality we use the following
lemma:

Lemma 4.3. Let & € S(R) such that ®(x) =1 for |z| < 1 and &(z) =0 for |z| > 2.
Let ¢g,, vs, be L?*-normalized bump functions adapted and supported to the dyadic
intervals Ry, So respectively, such that |Ry| > |S3|, |Ra| < diam(Rs, S2) and s, has
mean zero.

Let f € S(R) be supported in a dyadic interval Sy with mean zero. Then, the limit

L(f) = leIgOA<TC(Sl)D2k|S1\CD ® ¢R27 f & 2/}Sz)

exists. Moreover, we have the error bound

S. 1/246 . _
22D By i (RUS2)) 0 e

|L(f)—=A(Tys,) Do (s, PROR,, f@1)s,)] < 02_6’“(@
where ¢ 1is the parameter in the Calderon-Zygmund property of the kernel K and C
depends only on ® and A.

Proof. Again for simplicity of notation we assume that S; is centered at the origin.
For k > 1, we set ¢, = Dok |g,|® — Dor-115,®. We will estimate |[A(Y, @ dr,, f ®vs,)|.
Since the supports of ¢, and f and the supports of ¢p, and 15, and are respectively

disjoint we use the kernel representation

A(p @ @r,, [ @ Us,) = /¢k(t1)¢R2 (t2) f (1), (22) K (2, t)dtdx
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Due to the supports of the functions ¢, and f we may restrict the domain of integration
to 2871 S| < |t1| < 28T Sy, |o1| < |S1|/2 while, by hypothesis, we have |t; — ¢(S2)| >
diam(RQ U Sg), ’1'2 — C(SQ)’ < ‘SQ‘/2

Using the mean zero of f and g, we write the above integral as

/¢k(t1)¢R2 (t2) f (1) s, (w2) (K (2, 1) =K (1, ¢(S2)), 1) =K ((0, 22), )+ K ((0, ¢(S2)), t)dtdzx

Since 2|1’1’ < |Sl| < ‘tl‘ and 2|J/‘2—C(SQ)’ < ‘SQ‘ < |R2‘ < dlam(RQUSg) < ’tz_C(SQ)’,
by the kernel properties we can estimate the last expression by

1]° Jwy = e(So)/°
Jiciin [onsmasys Wlomells@lvs l0r g g et duas

[t1] < 2F|S1| |2 — ta| > diam(R2 U S2)

which, due to the restriction on the variables, we can estimate by

1 1 152’5

C ’f($1)|72k(1+6) @ dt1dxq diam(R2 U 5’2)14-6 / |¢Rz(t2)“@/}52(l‘2)|dt2dl‘2

‘t1|<2k‘51|

_ S,
= C27M| fllom Tam (B, U Sz)mH¢Rz||L1(R)|WSQHL1(R)

|S5/°
®) dlam(Rg U SQ)

So |\ 1/2+45 _ B
< C2—k6||f||L1(R) (%) (|Ry|~*diam(Ry U Sp))~(1H+9
2
As before this estimate is summable in &, which proves that the sequence (A(Dax|g, | P®
Ry, [ @ 1s,))k>0 is Cauchy and so, the existence of the limit L(f). The explicit rate

of convergence stated in the Lemma follows again by summing a geometric series.

< 027 f||p

o |R2|1/2|SQ|1/2

5. A APPLIED TO BUMP FUNCTIONS

In this section we study the action of A on bump functions to obtain good estimates
of the dual pair in terms of the space and frequency (or scale) localization of the bump
functions.

Before starting we state and prove two lemmata about localization properties of
bump functions. Both results will be frequently used in proposition 5.3, the main
result of this section. In particular, Lemma 5.1 will be used when we apply weak
boundedness condition away from the origin while Lemma 5.2 will be mostly used
when we need to use the cancellation condition 7'(1) = 0 and weak boundedness close
to the origin.

Lemma 5.1. Let I,J be two intervals such that |I| > |J|. Let 0 < § < 1, A =
(|J)"*diam(I U J))? > 1 and \J the interval with same center as J and lenght \|J|.

Let ®,; be the usual L®-normalized function adapted to NJ. Let ¢; be a L*-
normalized bump function adapted to J with constant C' and order N.



20 SANDRA POTT AND PACO VILLARROYA

Then, ¢5(1 — @) is a L*>-normalized bump function adapted to I with constant

(ON—1)/2
0(%) (17)""diam (1 U 7))~V

and order ON /4.

Proof. We first study the decay of ¢;(z)(1—®,;)(x). Because of the support of 1 —®,,
we have |z — ¢(J)| > A|lJ] and so

|J| 7 e — e(J)] > A = (|J] *diam(1 U J))? > (|| *diam(I U J))?
This implies
1|7 = e(D)] < |17 (e = ()] + le(d) = e(J)])
< 7o = e()] + | diam(T U ) < [ Ha = e( )]+ (] e — ()]
< 2(|J] o = e())Y?
where the last inequality holds because |J| 'z —¢(J)] > A > 1 and € < 1. Then,
L+ 17 e = e(D < 1+ 21| o = e()))V*

<21+ ([ e = (DY) < 200+ [J[ 7z — (D))
With all this together with the inequalities |x — ¢(J)| > A|J| and 14+ X > 2, we have

6,@) (L= Pas()] < U1 e
< C|J|71/2(1 + i)iw/‘* (1+ \Jlllzrl— (YDA
<o) el e
<0(jgg) QI im0 e = e
< O(%)eml/g(\l\‘ldiam(f L)) 0+ u|—1|x1— EOIRE

This proves the result for the decay of the bump function. The same ideas prove the
corresponding decay for the derivatives of the bump function.

Lemma 5.2. Let I, .J be two dyadic intervals such that [I| > [J| and J is centered
at the origin. Let I the interval centered at the origin with |I| = |I|. Let ®; be the

usual L -normalized function supported in I and ¢ be a L*-normalized bump function
adapted to I with constant C' and order N.
Then, ¢1(0)®@; is a L>®-normalized bump function adapted to I with constant

CI|72(| 1| diam(T U .J)) N2
and order N/2.
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Proof. Since ¢; is L*-adapted to I, we have by definition
1
(L4 [~ e
Now, J is centered at the origin and so we have |I| + |c(I)| = |I| + |e(I) — e(J)] >
diam(7 U J). This implies 1+ |[I|7|e(1)| > |I|~'diam(I U J).
On the other hand, because of the support of ®; we have |z| < |I|/2. Then, |z —
(D] < [11/2+e(1)] and so 1+ [T~z —e(I)| < 3/24[I]7 e(1)] < 3/2(1+[I|7He(T))).
Finally, since I is dyadic, we have that |c¢(I)| > |I]/2 and so, also 1+|I|~*|c(1)] > 3/2.
With these three inequalities, we have

|@7(2)0:(0)] < ClI|/*

(o ~1/2 1 1 !
i< U e G D™ (@ + W e
—1/2 “ldiam —N/2 1 (3/2)N/4
= G At ) e T T+ [ e — e

1

< CI|7Y2(|1| *diam (1 U J)~N/?
= U O e e

Again, the same ideas also prove the corresponding decay for the derivatives of the
bump function.

Now we state and prove the technical lemma that describes the action of the operator
when it satisfies the special cancellation properties.

Proposition 5.3. (Bump lemma) Let K be a product Calderon-Zygmund kernel with
parameter 0. Let A be a bilinear Calderon-Zygmund form with associated kernel K
which satisfies the mized WB-CZ conditions.

Assume that A also satisfies the weak boundedness condition and the special cancella-
tion conditions A(1®1,1s) = 0 for allp € S(R?) with mean zero and A(f1®1, g1 @) =
A1 ® fo, ® g2) =0 for all f;, g;, 10 € S(R) with ¢ of mean zero.

Let R, S be rectangles such that |R;| > |S;| for i = 1,2. Let ¢1 be a bump function
L?-adapted to R and vy a bump function L*-adapted to S with mean zero.

Then, for any 0 < § <6

S| VR 2 —(149")

I_R\> [T (1R diam(R; U S)))
i=1

|A(p1,02)] < Cy (

Notice that with some abuse of notation, whenever we use this estimate we will
simply write  instead of ¢'.
By symmetry on the arguments one can prove the following

Corollary 5.4. Let A a bilinear form that satisfies all the requested previous properties
and the following special cancellation conditions:

AMI®LY) =AW, 1@1) =A@ 1,12 ¢s) = A1 @, ¢ ®1) =0
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for all v € S(R?), ¢; € S(R) with mean zero; and

AMA®1L,g®Y)=A1® f,0®@90) =AY ® f2,10¢)=Afi®w,g1®1)=0

for all smooth functions f;, g;, v € S(R) with v of mean zero.

Let R, S be rectangles and let 11, 1 be bump functions L*-adapted to R and S
respectively with mean zero. Then, for any 0 < &' <9,
(5.1)

2 R S. 1/246
A1, 90)| < C H(%HS’]))) (max(|R;],|S;]) " diam(R; U S;))

—(1+9")

Proof of Proposition 5.3. For simplicity of notation we shall assume that S; are both
centered at the origin. For each rectangle R and A € R2, we denote by AR the dilated
rectangle (A\;Ry) X (A2Ry) that shares the same centre as R and has measure |\||R).

Let ®p, be the usual L*-normalized function adapted to the interval R; and let
Op = Pg, ® Dpg,.

We denote ¥(t, x) = ¢1(t)12(x) and truncate the function as follows.

We start by splitting v in the x; variables iteratively, first in z; and later in 5. Let
)\i = (]Sl\_ldlam(RZ U SZ')>E, with 0 < e < 1. Then, 1/1 = wzn + wout where

Yin(t, 2) = (Y(t, 2) — cr(t, 22)) oy, (1)
and
Your(t, ) = Y(t, 2)(1 = Py, (1)) + e1(t, 22) o, 5, (1)
with ¢; (¢, x2) chosen so that both 1, and 1,,; have mean zero in the variable ;. Notice

that both 1y, and 1),,; have mean zero in the variable xy. Now, ¥, = Vi in + Vin,out,
where

(52) win,in(ta w) = (win(t7 :E) - 02(t7 xl))CDAQSE (33'2)
and
z/}in,out(tv IL’) = 77Dz'n(t> ZL‘)(l - (b/\252 (l’g)) + CQ(t7 $1>(DX252 (:E?)

with co(t, z1) chosen so that both ¢, ;n, and ¥y, o have mean zero in the x5 variable.
Meanwhile ¢out = wout,m + wout,outy where

(53) wout,m (t; IL‘) = (wout(tv 1’) - C3(t; 1’1))@)\232 (m2)
and
wout,out(ta 27) = wout(ty I)<1 - (I))\QSQ <x2)) + 63(t7 -zl)q)AzSz ($2)

where c3(t, 1) chosen so that both ¥y, in and Yoy oue have mean zero in the 5 variable.
Notice that for example

(54) 02(t7$1) = —C|Sg|_1 /’l/)m(t,l‘)<1 — (I))\252($2))d1'2

We see now that the four functions ¥ous in, Yout,out,--- have mean zero in each variable
x;. This is obvious in the variable x5, since ¢y and c3 have been chosen to accomplish
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this. Moreover, we know that ), and 1,,; have mean zero in the variable x;. Because
of this, we have for each x,,t:

(55) /wmym(t, x)da:1<1>,\252(w2) = —/Cg(t,w)dxl(b)\252(wg)

= 5y / / Binlts 2) (1 — By, (22))Brgs, (22)ds = 0

An analogous argument also proves mean zero of Y, o in each variable ;. Mean zero
of both Vi in, Yout,our IMply the same for 1, ot and Yoyt in-

Now we split the four functions in the ¢; variables. For 1,,; we only decompose the
ﬁI'St two terms to get wout,in(tax> = 7#172(75,.%') + 1/)1,3(15,(13), ¢in,out(t7$) = 1/]271(t,ﬂj) +
P31(t, ) and Your out(t, ) = 111(t, &) where

1/)1,2(t7 x) = wout,in(tv x)CDHQRQ (t2) ¢1,3 (t7 ZIT) = wout,in(t7 .1')(1 - ®M2R2 (t2))
wQ,l(t» I) = win,out(tﬁ x>@H1R1 <t1> 1/13,1(@ I) = 77Din,out(tv $)(1 - @#1}?1 (tl))

101,1(?5, SC) = z/}aut,out(ty I)

with R; the translate of R; centered at the origin and p; = |R;|"'diam(R; U S;). The
reason for notation v; ; will become clear later.

Finally, for v, i, we repeat the first type of decomposition to get the following four
terms:

Yin(t,2) = Wi, )P (1)
+ Vinn(T, )P, 5, (0) (1 = @, 5,(t2))
+ Vinan (T, 1)(1 = @, 5, (1)), 5, (t2)
+ Yinin(@, ) (1= @, 5 (1)) (1 = @, 5, (E2))

= oa(t, ) +Pa3(t, ) + P32t ) + ¥ 3(t, @)
A carefull look at all these terms reveals that they can be described by

Pra(t,z) = Pt x)(1— Ops,(21))Paysy (22) @, 5, (B2) + €1 + 3
Prs(t,x) = Pt x)(1— Pryg (21))Paysy (22) (1 = @, 5, (82)) + ¢ + 3
o (t, x) Pt )Py s, (1) (1 — Prys, (22)) @, 5, (1) + ¢ + ¢
V3(t, ) () Pays5, (21) (1 = oy, (22))(1 = @, 2 (1)) + €] + 6
Dralt,x) = Pt x)(1 = Dys,(21))(1 = Pays, (2)) + 6 + 65
Yaa(t,r) = P(t,2)Prs(2)®,5(t) + S+

Paa(t,x) = Pt x)Prs(2)®, 5, (1) (1=, 5 (t2) + cf + ¢
Usalt,x) = Yt 2)Prs(x)(1 =@, 5 (1)) P, 7, (t2) + ] + 5
Uaa(t,x) = Ut 2)Prs()(1 =D, 5, (1) (1 =P, 5, (fa)) + ] + 5
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where the functions ¢ are error terms that ensure that all functions t; ; have mean zero
in the variables z1,zo. We notice that ¢} = ¢ (¢, x3), ¢ = cb(t,x1) and ¢ = (¢, zq).
At the end we will prove that the functions cé are small and have the right support
to allow us to assume that the main terms have the stated zero averages. We will call
denote the main terms again by 1; ;. Also notice that they are of tensor product type.

Moreover, with a small abuse of notation, we will write the action of the dual pair over

1/%',]‘ as A(¢i,j)'

We call (1) the use of weak boundedness condition away from the origin, the mean
zero in the variables 1, xo and rate of decay of ¥; (2) the use of the special cancellation
condition T*(1) = 0, the weak boundedness condition close to the origin and the mean
zero of ¢ in the x; variable; and (3) the use of the integral representation, the properties
of the Calderon-Zygmund kernel and the mean zero of ¢ in the variable z;. We call
(1) x () the combined use of (i) in the variables t1,z; and (j) in the variables to, 5.
Then, we plan to bound A(v) dealing each term A(t); ;) by means of (i) x (j).

a) We start with v (¢, z) = (¢, 2)(1 — Py, 5, (21)) (1 — Py,s,(72)) with mean zero in
variables x1, x5, for which we will prove the decay by using weak boundedness in these
variables.

We know that 1 is adapted to R x S and so, by lemma 5.1, 9, ; is adapted to R x R
with a gain in the constant of at least

|S| N —17: —eN
i=1,2

Then, by the weak boundedness condition we have

eN
|A<77Z)171)| S C (%) H (|RZ|—1d1am(Rl U Si))_EN
i=1,2

b) To bound, ¥qs(t,z) = ¥(t,2)Prs(x)®,z(t) we first argue the fact that we are
allowed to make the extra assumption ¢ 5(0,z) = 0 for any x.
The assumption comes from the subtitution by

QEQ,Q(L x) = Po2(t, ) — DR, |, |ro) P()102,2(0, )

and we just need to prove that the substracted term satisfies the same bounds we want
to prove. By lemma 5.2, the function Dig,| gy P (¢)122(0,2) is L™ x L?-adapted to
R x S just like ¢, with a gain of constant of at least

CIRI™? TT (IR diam(R; U S;)) ™

i=1,2
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Then, using the special cancellation condition A(1® 1,1s, ®1g,) = 0 and the explicit
estimate of Lemma 4.1, we see that

[A(D) Ry, 7o P (1), 12,2(0, )| = |A(D%\Sl|7&ﬂ‘g2|®(t)a 22(0, 7)) = AL ® 1,¢2,5(0, )|

[So
< ORI TRl a0 50~ (B0 (B 0,1
=~ 1L ) ) % |Sl| ‘52‘ 2,2\Y, 1
—1/2 —1 3 _~ (15] ’ 1/2
< C|RI™V2 T] (|R:| " diam(R; U S;)) ) 19
i=1,2
1] 5+1/2
_ (@> TT (17| diam(R: U S))

i=1,2
and the right hand side is no larger than the desired bound.

Now with this assumption, we can prove 135 is adapted to S x S with constant
C|R|732|S| [1,—, (| Rs| *diam(R;, S;))~™. In order to do so we prove that, in S x S,
9,2 1s bounded E)y this quantity, while the work for the derivatives can be done in a
similar way. By the extra assumption,

t1 to
[Pa0(t, )| = ‘/0 /0 Oy Oy b o(t, ) dit

< Clta[t2]]|04 0, ¥22(+, ) loo < C|S[[|00 01y th22(+, 7)o
and by the definition of a bump function
104,00, Y22, 2) oo < CIRIT2 T (|Ri| ™ diam (R U S;)) ™ Dy 5 D(8) ()
i=1,2
where ¢ is an L2-normalized bump function adapted to S. This shows the bound
(2] < CIS|IRI72 T (|Ri| ™ diam(R; U S;)) ™™ Dysy s () ()
i=1,2
Finally then, by the weak boundedness property of A we get
A(2)] < CIS||RIZ2 T (| Rl diam(R; U S;)) [ S|"/2

i=1,2

_ 15] v | diam(R; U S;)) ™V
_C(|R|) [T (Rl diam(R; U 5)))

i=1,2

c) Now we consider 33(t,z) = ¥(t,)Prs(z)(1 — @, 7 (t1))(1 — @ 7 (t2)) which
will be bounded by the integral representation and the properties of the CZ kernel.

On the support of the 133, we have that |t;| > C~ | R;| = C~'diam(R; U S;) while
|z;] < CN\|Si| = C|S;|'~diam(R; U S;)¢. Since |S;|'diam(R; U S;) > 1, the previous
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two inequalities imply |z;| < |¢;] and so, the support of ¥ 3 is disjoint with the diagonal.
This allow us to use the Calderén-Zygmund kernel representation

A(s3) = /1/13,3(t,x)K(x,t) dtdx

Now using the mean zero of 15 3 in the variable =, the above integral equals

/wR(t)ibs(w)(K(%t) — K((21,0),1) = K((0,22), 1) + K(0,)) didx

Moreover, since 2|z;| < |t;| we can use the property of a product CZ kernel and estimate
the last expression by
|1 [ao]®

¢ / st )l s s e
Finally, since [t;] > C~'diam(R;, S;) and |z;| < C|S;|'"“diam(R;, S;), we estimate by
C I 151" diam(R;, S;)“diam (R;, S;) "' ||vos 34

i=1,2
< C H |Si|(1—e)6diam(Ri, Si)—1—6+e5’Ri|1/2|Si’1/2
i=1,2
= C [T (Sil/ 1R (diam(R; U S;) /| Rif )07
i=1,2

This proves the desired estimate for A(i)33).

d) Once finished the three "pure” cases, we move to the proof of the "mixed”
ones. We start with ¢y 5(t,x) = ¥(t,2)(1 — Py5,(21))Prys, (72) P, 5, (t2) Which will
be bounded by the use of weak boundedness in t;,z; and the special cancellation
properties in tg, xs.

First, we impose the extra assumption 1y 5((¢1,0), ) = 0 for any ¢;,x. The assump-
tion is possible by the substitution

1;1,2(137 r) = Y1 2(t, ) — Dipy P(t2)Y12((1,0), x)

and we first need to show that the substracted term also satisfies the stated bounds.

Due to the constant t, variable and the decay of ¢, away from S, we can apply
Lemma 5.2 in the variable ¢35 and Lemma 5.1 in the variable z;, to deduce that the
function D), ®(t2)Y1,2((t1,0), ) is adapted to (R; x Ry) x (Ry x S3) with a double
gain of constant of at least

_ 14 _n (1SN 14 e
|Ro|~2(|Ry| diam(R,, S5)) N(%) (|R| " diam(Ry, 1))=Y
1

Now, we make use of the special cancellation condition A(pr, ® 1,pr, ® 1s,) = 0
for all bump functions ¢g,, pr, and all bump functions g, of mean zero. Since
Y12((t1,0),z) is adapted to Ry x (R; x S3) and w1 is of tensor product type we
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can write ¢ 2((t1,0), ) = ¢r, (t1)¢r, (1), (r2) and then use the explicit estimate of
Lemma 4.2 to get

’A(¢R1 (tl)@\Rz\(t2)7wR1 (131)1/152(172))’
= |A(¢R1 (tl)Dng‘%“‘sﬂq)(t?)a le (%)ﬁ&%(%)) - A(¢R1 ® 17 le & 1/)52)|

. AN L . R\
< Ol ol diomn(ps) ™ (20 ) P diamn(rs) < (12 sl
eN 4
< Ol ol diomn(Ry) ™ (120 (i (s) = (122) 15
| R | R
|Sl| eN |SQ| 6+1/2
=C (m) (|R1|_1diam(R1 U Sl))_EN (m) (|R2|_1diam(R2 U SQ))_N
1 2

’S’ 0+1/2
i=1,2

which is no larger than the desired bound.
This proves that we can make the assumption ¢4 2((t1,0),2) = 0. Now we prove
that 11 o is adapted to (Ry x S3) X (R X Sy) with constant

S\ _ e B . _
(5.6) C(%) (\R1|—1d1am(R1,Sl)) N|RQ| 3/2152](\R2| 'diam(Ry, S)) N
1

We only prove that, in (R x S3) x (R; x Sz2), the function |y 5(¢, )| is bounded
appropriately. As before, with the extra assumption we have

to
[12(t, )| = ‘/0 O 2(t, ) dt‘ < Clta||0k 1 2(t1, -, ) ||oo < C|Sa|||0111,2(t1, , )| o

and by definition of a bump function
100, 12(t1 - @)lloe < O|Ro| ™2 (|Ry| diam(Ry U S2)) ™" Dysy @ (t2)(t1, )

where, ¢ is a L?*-normalized bump function adapted to Ry x (S x S;). This implies
that 1)1 o can be bounded by

C|Sa||Ro|™*(| Ry "' diam(Ry U S2)) ™ Dy, ®(t2) (1, 7)
Moreover, by the factor 1—-®,, g, of 1; » and Lemma 5.1, we can assume ¢ to be adapted
to Ry x (Ry % S,) with a gain of constant of at most C(|S1|/|Ry|)N (|Ry|*diam(Ry, S1))~".
proving the bound (5.6). Similar work for the derivatives shows the claim that 1, 5 is

adapted to (Ry x S2) x (R; x Ss) with the constant stated in (5.6).
Then, by the weak boundedness property of A we finally get

@ —eN |59
| Ry | Ry|3/2
|51 ] |Ss]

eN 3/2
-¢ () (|R1|_1diam(R1 U Sl))_EN () (|Ry|'diam(Ry U Sp)) ™
| Ry IRy

(]RQ]_1diam(R2U52))_N\Sg\l/2

|A(12)] < C ( ) (|R1|"'diam(Ry U S1))
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Notice that the factor |Sy|'/2 at the end of first inequality comes from the L normal-
ization of D, ®.

e) We now consider 1y 3(t, x) = 1(t, 7)(1 — Py, 5,(21)) Pa,s, (72) (1 — @, &, (£2)) which
will be work out by the use of weak boundedness and the kernel representation.

By lemma 5.1 in the variable x1, we have that 1, 5 is adapted to (Ry x R2) X (R X .S2)
with a gain in the constant of at least

ETR i N
C m (’R1| d1am(R1 U Sl>)
1

This way we can assume ¥y 3(t,x) = g, (t1)Pr,(t2)0r, (T1)Vs, (r2) with g, of zero
mean. Moreover, on the support of ¢, we have that |tz > C'~'diam(Sy U Ry) while
|zo| < C|Ss|'~¢diam(Ry U Sy)¢. This implies |xs| < |t5] and so by the integral represen-

tation of the restricted operator T} ., we have

A(thrs) = / by (t2) s, (22) (T2 (611, o, ) dltadlicy

Using the mean zero of ¢g, we obtain for the above integral

[ om(t) s )T, ~ T )0 om,) deadr

Since 2|z5| < |ta|, by the mixed WB-CZ property of A and the gain in the constant,
we estimate the integral by

S ) N T J
61 [l io((p) (R i o s)) 2 drds,

which, using the restriction on the variables, we bound by

S eN ) .
c(%) (|Ry|diam (R, U S;)) =N

\Sg\(lfe)‘sdiam(Rg, Sg)€5diam(82 U R2)7(1+5) ||’L/)R2 ¢S2 ”LI(RQ)

S eN—1/2 . _

< C(%) [ (1B diam(R, U 5,))~N
i=1,2

|SQ|(1 6)5dlam(R2 U SQ)Eédlam(Sg U Rg) (1+9) ’R |1/2’52’1/2

15, >(1/2+(1 %)

_ c(@) (|R1\‘1diam(R1USl))‘EN(‘Rzy

|l (|R2’_1diam(R2U$2))—(1+(1—e)5)

f) The last term we work with is 9 3(¢t,7) = ¢(t,2)Prs(2)® , 5, (1) (1 — @ 5 (t2))
by using the special cancellation and the kernel representation.

As before, we first impose the extra assumption ¢, 3((0,t2),z) = 0 for any ¢, € R,
x € R2. The assumption comes the substitution

2/32,3(1‘:7 l‘) = 1/}2,3 (ta l’) - D|R1\<I’<t1)1/12,3(<0, t2>’ I)
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and we again need to prove that the substracted term satisfies the stated bounds.

We know that 1,3 is adapted to R x S. But due to the constant coordinate in
the variable ¢; we have by Lemma 5.2 applied in the variable ¢; that the function
Dy, ®(t1)2,3((0,12), x) is also adapted to R x .S with a gain of constant of at least

|Ry|~V2(|Ry | *diam(R, U Sy)) N

Then, we can then write D|Rl‘q>(t1)¢273((07 tz), 1') = ¢51 (O)D‘R1|(I)(t1)¢32 (tg)wgl (1'1)1/)52 (.CL'Q)
where ¢g, is a bump function adapted to Ry and ¢g,, 1g, are bump functions supported
and adapted to Ry, Sy respectively, such that g, has mean zero and Ry N Sy = ().

This way, by the special cancellation condition A(1® ¢g,, s, ®1g,) = 0, the explicit
estimate of Lemma 4.3 and the gain in the constant, we have that

’A((bSl (O)D\Rﬂq) ® ¢R2®7 wSl ® "QDSQ)’

= ‘A(QZSSl(O)D%HlSl'(I) ® PRy V5 @ Ps,) = A1 © by, Y5, @ s, )|

B . (1R T 18\ AT diam(Ry U S,) \ 1+

< C|R|"Y?*(|Ry|~ 'diam(R,US; )~V [ 1221

< i r P dim(ros)y ™ () (1) (Gemie) sl
~ . Cn (18NS /18] \ A diam(Ry U So) \ 1+

< C|R:|~*(| Ry~ "diam(R,US;)) N 1S (152l g |12

<cm i aanmos) ™ (7 ) (7)) Gesrisn) 1
g\ /2 Sl (1/2+6") )

= M (\R1|_1diam(R1 U Sl>)_N <M) (|R2]_1diam(R2 U SQ))_(1+6)
|R1| | Ra|

which is no larger than the desired bound.

Now with the assumption 1 3((0,?2), ) = 0, we can show that 13 is adapted to
(S1 x Ry) x (S1 x Sy) with constant C|R;|=%2|S|(|R:|~'diam(R; U S;))~". We only
prove that, 1 5 satisfies the necessary bound in (R; x Ss) x (57 x S3). This follows
from

t1
|tha5(t, z)| = ‘/0 O has(t, @) dt| < Clta[[| 0y 1h25((-, t2), @) [0 < CS1][|018025((-, t2), @) [l

and by the definition of a bump function
182,35, 12), 2) oo < C|RA[7*2(| Ra| ™ diam(Ry U 81)) N Dys, (1) (12, )
where ¢ is an L2-normalized bump function adapted to Ry x S. This implies that
[Ya3(t,2)| < OIS Ri |72 (|Ry|~ diam(Ry U 81)) ™" Dysy (1) (t2, 7)

Analogous estimates work for the derivatives.

This way we can assume s 3(t, ) = ¢g, (t1)Pr, (t2)s, (x1)1s, (x2) with bump func-
tions adapted to the corresponding intervals and g, of zero mean. Moreover, in the
support of 1, 3 we have that |t3] > C~*diam(Sy U Ry) while |z5] < C| S|~ diam(Ry U
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S5)¢. This implies |z3| < |t2] and so by the integral representation of the restricted

2
operator Tj . we have

A(thns) = / by (t2) s, (22) (T2 ., (65,), s, ) dindz

Using the mean zero of ¢g, we obtain for the above integral

[ omts (T2, ~ T2 0)05,). s deados

Since 2|xs| < |ta], by the mixed WB-CZ property we can bound this by

|»”U2|6
’t2‘1+6

/ VR, (t2)] |5, (22)|C1 S| | Ra| (| Ra| ' diam(Ry U )N dtadas

and using the restriction on the variables we can estimate as we did from (5.7) by

S 3/2 ) _ S. (1/24+(1—¢€)0d)
C(ﬂ) (|Ry|~ diam(R, U S1)) N(ﬂ)

—1d- —(1+(1—¢€)d)
|R1| |R2| (’R2| 1am(R2 U SQ))

We end the proof of Proposition 5.3 by dealing with the error terms. We only
check that the factors cf(t,z2) = ci(t, 29)Pr,5,(21)(1 — Py,s,(22)) and (¢, x1) =
c3(t, x1)®Py,s,(x2) are small enough being analogous all the other ones. In a similar
way we obtained equality (5.4), we now have

eyt 71) = —c| S| ! / out(t, 2)(1 = By, (22))ds

and so [ ¢3(t, x1)dzy = 0. Since also [y (¢, z)dz = 0 we have

cl(t7$2)(1_q)>\252(x2))/(I))\1S1(xl)dxl = _(1—(13)\252(372))/1/)(t, $)(1—(I)A151($1))dl‘1
and thus
|le1(t, x2)| M| Sh] S/ | (t, z)|dxy

‘:E1|>)\1|S1‘
<SS ) Y ot
|z1|>A1]51]

< CM VISR B(t, 22)
that is,
1 (£, 22)| < O[Sy |72 6(t, )
where ¢ is a L?>-normalized bump function adapted to R x Sy. With this we have that

le1(t, 22) Py, s, (1) < CATNG(t, 22)|S1] /2@y, 5, (21)



A T(1) THEOREM ON PRODUCT SPACES 31
with |S;|71/2®,,s, a bump function L?-adapted to S;. By lemma 5.1, this shows that
ler (t, 22) Py 5, (21)(1 — Py,s,(22))] is adapted to R x R with a gain of constant of
52|
| Ro|
and by the definition of \; this equals

CAp ( ) (| Ro|~*diam (R U S)) =N

19]

eN
|&Q(WJMmm&u&yw

C(|S1) L diam (R U Sl))—fN(

C’(||]S%") H(|Ri|*1diam(R¢USi))*fN

i=1,2
which is smaller than the required bounds.
Symmetrically we have that since also f Yy 1(t, x)dxy = 0,

st 1) / D5, (2)drs = —(1— By, (1)) / B(t,2)(1 = Doy, (22))dcs

by (1) / 1(t,22) (1 — B, (2) )

The first term in the right hand side can be treated in a similar way we did before and
obtain

(1= x5, (1)) /lb(tl’)(l = @y, (22))dwa| < ONTV[S]'2 (1= @y, (1)) (1t 21)

For the second term, we use the definition of ¢1 (¢, z2) = —¢|Si|™" [¢(t, 2)(1=Py, 5, (21))dzy
to bound by

CI))\151 xl //w t ZL’ ®A151(x1)>d$1<1 — ®)\232($2))de
)\1]51

CI)MSl('Tl)/
e Y(t, x)|drdx
A1) S| |$i\>)\i\5i\| (8, @)ldzide,

¢ 151\ T — - - — - -
Pusil@) g 1172 g, -1 / (14 1S aral) ™ (14 |Sa] )N drdrs 6(2)
|z |>Xi]Si)

<C
M]S|

P
<C /\151(371)Al—N)\Z—N‘Sl‘l/Q‘SZ‘l/Q ¢(t)
A1]Sq]

where ¢ is a L?-normalized bump function adapted to R.
Both things together imply

o
les(t, z1)|Ae]Sa| < C’)\Q—N\SQ‘M (1=, 5, (z1))0(t, leC—AAlS\E(T)Al_NM_N'SlP/Q‘SQW o(t)
1 1

and so

les(t, z1)] < C)\2_N152’_1/2 o(t, 1) + C>\1_N)\2_N\S1’_1/2152’_1/2 Dy, 5, (21)0(1)
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With this we have that
’C3<t7 1,‘1>CI>)\252(172)‘ < C)‘2_N¢<t’ 131)(1 - (I)MSl (xl))’SZI_l/Q(I)MSz(IQ)
+OM NN TSV, (1) 92| TP Doy, () (1)
with |S;|71/2®,,s, a bump function L?-adapted to S;. This shows that the function is
adapted to R x R with constant

S eN
CA;%%) (JRy | *diam(R; U Sp)) N + CATVAY
1
where we have used Lemma 5.1 for the first term, which is analogous to the previous

case. The second one is also all right since by definition of A\; we have
CATYAY = C T (1] diam(R; U 5;))~
i=1,2

SV T (1 -
:C<|R’) iH2(|Ri| 'diam(R; U ;)™

6. PROOF OF THE MAIN RESULT

Theorem 6.1. (L? boundedness). Let A be a bilinear Calderdn-Zygmund form satis-
fying the mized WB-CZ condition.

We also assume that A satisfies the weak boundedness condition, and the special
cancellation conditions

AL, YR ®vs) = Avr @1s,1) = AYr ® 1,1 ®9s) = A1 @ g, s ®1) =0

for all bump functions Vg, vVs adapted to intervals R, S with mean zero and

Apr®1, pr®vYs) = A(1®ds, Vr®ps) = AYr® 05, 1®¢s) = AMor®@vg, pr®1) =0

for all bump functions ¢r, s, pr, s and all bump functions Vg, s with mean zero.
Then Ag, A1, Ay are bounded bilinear forms on L2.

Proof. Because of the symmetry on the hypothesis it is clear that we only need to prove
the result for A. We decompose the frequency plane in the standard way to obtain first
a Littlewood-Paley decompositon and later a ngelet decomposition.

Let ¢ € S(R) be an even function such that ¢ is supported in {£ € R : [{] < 2} and
equals 1 on {& € R : |¢] < 1}. Let 1 be the function ¢ (z) = ¢(z) — ¢(2/2). Then 1
is supported on the annulus {¢ € R: 27" < [¢] < 2} and moreover Y, , D(E)2%) ~ 1,
for all £ # 0. We define the Littlewood-Paley projection operators in R given by
P(f) = f = D;,kw and P<i(f) = f * D%,kqﬁ. We observe that limy_,. P<x(f) = f
while limy_,o P<_x(f) = 0 where in both cases the convergence is understood in the
topology of S(R).

We consider now their counterparts in the biparameter case: for k € Z2,

P.(f)=f* (D%*klw ® D;—kzw) Py (f) = f % (Dé—klﬁb ® D;—kzl/’)
Pklék?(f) = f * (D%*klz/] ® D%*’Q@b) ng(f> = f * (D;*kﬁb & Dészd))
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which satisfy limy o P<x(f) = f in the topology of S(R?) while the other three oper-
ators tend to zero in the same sense.
For N € N, let Ay be the bilinear form given by

Kil,l3s| <N
where k,j € Z?. We see that for all f,g € S(R?) we have A(f,g) = limy_,o0 An(f, 9):
unfolding the sum in Ay, we have

AN(f: 9) = A<P§(N,N)f, Pg(N,N)g) - A(PS(—(N—l),—(N—l))f7 PS(N,N)g)
—A(P<nv,nyf P<(—(N-1),—(n-1))9) + M P<_(n—1,n-1).f, P<—(n—1,N-1)9)

and by the continuity of A we have that the first term tends to A(f, g) while the other
three tend to zero.

Let us now consider the family of intervals wy, = [—2F+L —2ki=1] y [2ki=1 okitl]
Since Py(f) has Fourier support in wy = wg, X wg,, we have by Shannon’s sampling
theorem that

Pk(f) = Z<f7 wR,wk>wR,wk
R
where the sum runs over all dyadic rectangles R = R; X Ry such that |R;| = |wy,|™"
and the convergence is understood in the topology of S(R?). Moreover, the functions
YR, w, satisfy that ¢r ,, = ¢R1,wk1 ® sz,wkz where ¢Ri,wki are Schwartz functions such

that supp@ C wy, and e‘zmc(“”“iwm,wki are bump functions adapted to R;. From
now we drop the index wy, in the notation of g.
Then by continuity of A in S(R?), we can write

9) = ZA<ij7 Prg) = > (f,¢r) (g, bs) Mtor, ds)

R,S

where now the sums run over the whole family of dyadic rectangles in R?. From now
we work to obtain bounds of the last expression when the sum runs over finite families
of dyadic rectangles in such way that the bounds are independent of the particular
families of rectangles. Because of the rate of decay of Corollary 5.4, we parametrize
the sums according to eccentricities and relative positions of the rectangles:

S r g ) AUrvs) = DD D > > (f )9, vs) AMYr, vs)

R.S i=12¢,€Zm;EN R S € Rem

where for fixed eccentricities e;, relative distances m; and every given rectangle R, we
define the family

Re,m = {S . |Rz| = 2% Si|,mi S HlaX(|Ri‘, |SZ|)*1d1am(RZ U Sz) <m; + 1 fori= 1,2}

Notice that by symmetry the product family {(R,S) : S € R.,,} can be also parame-
terized as {(R,S) : R € S_.,,} with analogous definition for S_. ,,.
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We denote by >, the three first sums over parameters. By Lemma 5.3 and Cauchy’s
inequality, we bound the previous quantity by

S5 N A@r s R g, bs)]

P R S € Reym

gzz Z 2_(|el‘+‘62|)(1/2+5)(m1m2)_(1+6)|<f7¢R>H<g,¢s>!
P R

S € Re,m
1/2
SZ2f\el+ez|(1/z+5)(m1m2)7(1+5)(Z 3R] ) (Z 3 |<g,¢s>|2>
P R SERe’m S Res—enz

Now, for every fixed R; and each m; € N there are 272x(¢.9) dyadic intervals S; such
that |R;| = 2%|S;] and m; < max(|R;|,|S;|) " 'diam(R;US;) < m;+ 1. This implies that
the cardinal of R,,,,, is 2max(e10)gmax(e20) " For the same reason, the cardinal of S_ ,
is gmax(—e1,0)gmax(—e2,0) — g—min(e1,0)9—min(e2,0)  Then previous expression coincides with

Z 2—\el+62|(1/2+5)(m1m2>—(1+5) (Qmax(el,O)Qmax(eg,O)Z|<f’wR>’2>1/2
P R

| | 1/2
(27 mln(€110)27 min(e2,0) Z | <ga ¢S> ’2>
S

—leq x(e;, — min(e;, —(1+0
< H ZQ |es| (1/2+8) gmax(e;,0) /29— min(e;,0)/2 Z mi( )HfHQHgHQ

1=1,2 e;€Z m; EN

— (2w ) Yl

e’ meN
since 2max(ei,0)2—min(ei,0) _ 2|ei|.

7. EXTENSION TO [P SPACES

As said in the introduction, the weak L' estimates are no longer true in the multi-
parameter case. So, in order to prove LP bounds we cannot apply to our operator the
classical method of interpolating between L? and the weak L' estimates. Instead, we
follow the steps of the previous proof and perform again a decomposition of the dual pair
which will be controlled by multi-parameter square functions whose LP boundedness
follows from weak L! bounds in the uni-parameter case.

Definition 7.1. Given a L*(R?)-normalized basis (Yr)r, we define the double square

function by
| f7 wR 1/2
)= (X557 w)

where the sum runs over all dyadic rectangles R in R?,
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See [6] and specially [17] for a proof of boundedness of S'S on LP(R?) with 1 < p < occ.

We also need to consider the following modified double square function

Definition 7.2. Let k € Z?, n € N?. For every dyadic rectangle, R, we select a unique
dyadic rectangle S such that |R;| = 2%|S;| and n; < % < n; + 1. Then, with
such a choice, we define

Obviously what we are defining here is a family of operators depending on the partic-
ular choice of the rectangles S. However, we will see that their bounds are independent
of this particular choice. Moreover, we notice that the choice does not depend on the
point x. The double square function corresponds to the values k; =0, n; = 1.

We state in the proposition below boundedness of this modified square function. Its
proof follows directly from the analogous result in the uni-parameter case and so, for
the sake of completeness, at the end of the paper we include an appendix in which a
proof of this result in the uni-parameter case can be found (see Proposition 9.3).

Proposition 7.3. For every 1 < p < oo,
— ko sien(2— 2_
1SSk ()l r@2y < Cp H (27 Fisie GV log(n;) + 1)7 1|HfHLP(1R2)

i=1,2

Proof. Given k € Z? and n € N?, let T'T},, be the operator defined by
TTn(f)(x) = ZU, VR)Vs ()

S

where the relationship between R and S is the same one given in the definition of the
modified square function. Now we see that the double square function of 7T} ,(f)
coincides with Sk ,.(f):

SS(Tn(N)(e) = (L ve(w) ™ = (D ve(@) ™ = 85000
S R

and so
1S Skm ()l e@ey = 1SS(TThm(f))lo@2y = 1T Thn ()l Lrr2)

Moreover, by linearity
TTin(f)() =D (fror)s(@) =D O (f0r) s, (), Y, ) s, (1)

S S1 S

= Thyny (Tk2,n2(f)('7 372))(.%'1)
where T%, »,(g) is defined in the obvious way

Tkum’ (g) ('Tl) = Z<g7 wRi>¢Si (-Tz)

R;
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while Tk2,n2(f)(x1ﬂ Zg) = Tkz,nz(fxl)(l?) and fyl (yQ) = f(yl, y2)'
Proposition 9.3 gives us the boundedness result in the uni-parameter case,
o 2_
1T (P2 @) < CollSims (Pl < Co27 % ns + 1)~ £l ory

where s = sign(% —1). Then, we have

1/p
1T T (Hllrey = ( / 1T (T (1) 22) 5y 22

1/p

< (/RC’Z’f(T'“Snl + 1)‘;71‘p’|Tk2,n2(f)('7xQ)HIzP(R)d:EQ)
5 1/p
= Cp(27k18n1 + 1)‘7) ! (/R ||Tk2,n2 (f) (xh ')HZ[)/p(R)d‘rl)
5 1/p
= Cp(2_k18n1 + 1)"’ 1</1R ||Tk2,n2(le)||]zp(R)dx1)

2_ s 2_ 1/p
< Cp(2—k1sn1 + 1)|p 1 (/}RC£(2 k2sp, + 1)|p l‘prleip(R)dxl)
= Cp(2_k15n1 + 1)‘%*”(2_’“2%2 + 1)|%71‘ ||f||Lp(R2)

Now we turn to the main result of this section.

Theorem 7.4. (L? boundedness). Let A be a bilinear Calderdn-Zygmund form satis-
fying the mized WB-CZ condition.

We also assume that A satisfies the weak boundedness condition, and the special
cancellation conditions

A(L¢R ® 1/]5') = A(¢R ®w57 1) = A(i/JR & 17 1® 1/]5') = A(]' ® wRawS X 1) =0
for all bump functions g, Vs adapted to intervals R, S with mean zero and

Aor®1, or®Ys) = A1®¢s, Vr®ps) = AMYr®¢s, 1®ps) = AMPr®vPs, pr®1) =0

for all bump functions ¢r, ps and all bump functions Yr with mean zero.
Then Ao, A1, Ay are bounded bilinear forms on LP.

Proof. Again, we prove the result only for A. As in previous theorem, we use a L*-
normalized wavelet expansion of the functions appearing in the dual pair, we parame-
trize the terms accordingly with eccentricity and relative distances in exactly the same
way and we apply Lemma 5.4 to obtain

AL, 9)] < D 1AWr, 03)I1(F, ¥r) (g, ¥s)|

R,S

DD DD IEE A LD DR A ]
i=1,2 e;€Z m;EN (R,S) € Perm
where P, ,, is the set of pairs of dyadic rectangles (R, S) such that |R;| = 2%|S;| and

n; < % < n; + 1. Notice that (R, S) € P.,, if and only if (S, R) € P_. .
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Now, we denote by K = K; x K, the rectangle minimum, that is, such that K; = R;
if |R;| <|5;| and K; = S; otherwise. This way, the inner sum can be rewritten as

() L 05
> Sk mw“m)dw

(R,S) € Peym
|f7w 1/2 | 1/2
(7.1) / ((R sgpm’ KT i ) (g Rém‘ K’ Yi x)) da

In order to build up the modified square functions, we denote by k, k' € Z?* the
scale parameters k; = max(e;,0), k. = —min(e;,0) and by n,n’ € Z?* the translation
parameters n; = m;, n; = 1 if ei > 0 while n; = 1, n} = m; if e; < 0. Notice that
2max(ei 0)2—min(ei 0) _ 2|ei\ and n; ,n =m,.

We show how to bound the first factor. By the choice of K we have that |R;|, |S;|
|K;|. If k; > 0 then K; = R; and there is nothing to show. So, we may assume k; <
and K = S in which case

Seal o) = (30 L) = (St Y 2
R S

(Rvs)epk‘,n

>
0

(Rv S) € Pk‘,n

X5 (@) \NY2 ka2 .
(Z<f Ua) o k,S‘) =2 SSon(f)(x)

where S is the dyadic rectangle such that |S;| = |R;| and |R;|~'diam(S; U R;) = n,.
This implies that expression 7.1 is equal to

/2 2max(e1,0)/22max(62,0)/25807n(f) (‘%,)2— min(el,O)/22— min(eg,O)/2SSO7n/ (g) (.’L’)dl’
R

< 2leltleal/2) g5, (f) | o &2) 19500 (9) || 1 (2

According to the boundedness of the modified double square functions given by Propo-
sition 7.3, this can be bounded by

2_ 2_
Cp 2(|e1|+|e2\)/2 H (log(nz) + 1)|p 1\(10g(n;) + 1)|p 1|Hf||LP(R2)Hg||LP’(R2)

i=1,2
2_
= ¢y 209D TT (log(ma) +1)'5 7 fll o) |91l 1o g2
i=1,2
€l2-1
< €, 2004102 TT ™ fll o 19l oy

i=1,2
Then, putting everything back together, we have
A )l <C YD o llerltlea/2ee) (mamg) (02l Hezl/2 (1 Yl 5 =1

i=1,2 e;€Z m;EN
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. —(146-c|2-1)
=G, [[ D 27° > m, [l o) |9l o @2y < Coll fllLe@2) 9] v @2

i=1,2 ;€7 m; €N

as long as e]%—l] <1+40.

8. THE GENERAL CASE: DIFFERENT TYPES OF PARAPRODUCTS

We devote this last section to the extension of the previous theorems to the general
case, that is, the proof of boundedness for singular integral operators that do not
satisfy the special cancellation properties. As in the classical case, this is done by
constructing appropriate paraproducts. But in the multiparametric case, the process
is be more involved not only because we need more paraproducts (three different types
in total) but also because these paraproducts can not be independent each other.

In particular, let b; with ¢ = 1,...,4, be four functions in BMO(R?) and b; with
i=75,...,8, be four functions in BMO(R). Let also A be a bilinear form satisfying the
hypotheses of Theorem 2.9 such that A(1®1,-) = b A(,1®1) = by, A((®1,1®-) = bs,
Al®--®1)=by, A(1®-,-® ) = b; and so on.

In order to prove boundedness of A, we construct eight bilinear forms A; organized in
three different groups in such a way that their associated linear operators are bounded
and moreover they recover the functions b;, in the sense that for example Ay, (1®1,-) =
b1, while the bilinear form vanishes in all other possible cases, namely, A, (-,1® 1) =
Ap, (- ®1,1®-) = 0 and so on. As we will see, the last type four paraproducts will
be construct not only using the functions b; but also certain values of the previously
constructed paraproducts evaluated over the function 1.

This way the bilinear form Ay = A — ). A, satisfies the eight special cancellation
hypotheses of Corollary 5.4 and so, by applying the corollary, we deduce that A is
bounded. Moreover, since every A; is also bounded by construction, we finally obtain
boundedness of the initial form A.

Before we start with the construction of paraproducts, we present a lemma that in
some way shows that the sufficient conditions we have used in the main theorem are the
right ones, while it also justifies the paraproducts we will define later on. For the sake
of simplicity, we write the proof only for operators that preserve the space support,
since then the error terms are zero and then the expression can be written by means
of the Haar basis.

Let (h;); the Haar basis in R defined by h; = |I|7Y/?x, — |I|7"/?x;, where I; and I,
are the children intervals of I. Let (hg)r the Haar basis in R2 defined by hr = hg, ®hg,.

Lemma 8.1. Let T : C§°(R?) — C be a linear mapping continuous with respect to the
topology in C§°(R?), such that supp T(f) C supp f. Then

(T(f).9) =Y _{fha)(g, ha)(T(hr), hr)

R

+(D (B g )b, T(D)) + (> (f, he)g, hihe, T*(1))

R
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HO b ) g, B b Yhr, To(1)) + O3 (o by ) (9 hm hiy ) i, Ty (1))

R R
+ Z<fv hR1 h?%2> <g7 th hR2><T<th®1)7 hR>+Z<fa th hR2> <g, hR1 h?%2> <T*(th ®1)’ hR>
R R

+ Z<fv h%ﬁ hR2> <97 th hR2><T<1®hR2)7 hR>+Z<fa hR1 hR2> <gv h%{l hR2> <T*<1®hR2)’ hR>
R R

Remark 8.1. The formula for more general operators includes some error terms whose
contribution is smaller than the one described in previous statement.

Let (Yr)r be a wavelet basis in R? and for every rectagle R, let ¥% be a bump
function L*-adapted to R and mean one. Then, such general formula can be stated in
the following way

()90 =D (DU vr) g, N T (W), o)

nez? R
+ OO RN g hee R, T()) + ...
R
T Z<fa ¢R17/)?%2><9>7/)Ry¢Rg><T(¢R1 ®1),1/)Rn> —|—>
R

where R = R; + ny|R;|. The leading term is associated with n = 0, which is the one
appearing in the statement of the lemma.

Proof. Since supp T'(hg) C supp hg = R we have
(T(f),9) = Z frgs(T(hr), hs)

RNS#D

where fr = (f, hg) and the same for the function g.
Now, given two dyadic rectangles R,S such that R NS # () there are only nine
different possibilities, namely,

1) R =S, which leads to (T'(hgr), hg)

S C R, which analogously gives T'(1)
R < S, meaning Ry C S and Ry C Sy, which leads to T} (

)
3)
hy =T
5) S < R, meaning R; = S; and Ry C Sy, which leads to 77 (1) 1
6)
7)

)

= T5(1)
Ry = 57 and Sy C Ry, which leads to (T'(hg, ® 1), hgr, ® hg,)
Ry = S; and Ry C Sy, which leads to (T'(hg, ® hg,), hr, ® 1)
2)
9) Ry C S and Ry = Ss, which leads to (T'(hgr, ® hg,),1 ® hg,)
Then the decomposition of (T'(f), g) is obtained as follows: from 1) we get directly
the first term

> frgr(T(hi), hr)
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From 2) and 3) we get the two following terms (we only write the second one)

DD frgs(T(hg),hs) =D fr(T(hr), (D gshs)xr))

R RCS R RCS

=" fa(T(hg),m(9)) = Y frmr(g)(T ZfR mp(g)(hr, T*(1))
R R
- <ZmeR<g>hR,T*<1>>
R

where we write mpg(g) = (ZRCs gs hs)XR = (g,h%) = |R|™" [ g9(x)dx
On the other hand, from 4) and 5) and using the partial adjoints T; we get the two
following ones (we only write the fourth one)

Z Z ngS<T<hR)7 hS> = Z Z ngS<T2(th ® hSz)» hSl & fR2>

R R<S R R<S
=) <T2(hR1 ®hs,), (>, frgshs, @ th)XR1><Sz>
R1,52 R1C51,52CR2
= Z <T2(h1~21 ® hs,), ( Z (952)s:hs,) ® ( Z (le)thRz)XR1XSQ>
R1,52 Ri1CS1 S2CRa2
= Z <T2(th & h5'2)7 Mg, (gsz)msz (le)> = Z mp, (952)m52 (le)<T2(th ® h5'2)7 1>
R1,52 R1 SQ
Z mg, le)le (952)h31 ® hS27 T* Z Mg, le)le (932)hR7 Tl( )>
R1,S2 R

From 6) 7), 8) and 9) we get the remaining terms (we only write the sixth one)

o D> frgs(T(hr)ihs) =D > frgs(he, T*(hs))

S R1=S51,52CR2 S R1=S51,52CR2

=ng<( Z fsixra sy x o) X0, T > ng< Z f7h51XR2>h51®hR2)X527T*(h5)>
S

S2CR2 S2CR>

= ng<h51 ® ( Z (f, h51XRg>hR2)XS27T*(hS)> = ng<h51 ®ms,(fs,), T"(hs))
S

S2CR2

= ms(fs)gs(hs, ® 1,T"(hs)) stz fs)9s(T (hs, © 1), hs)
S

We start now with the construction of paraproducts. We need up to eight of such
operators but by symmetry it will be enough to show only three of them. In particular,
we construct the paraproducs associated T'(1), T1(1) and (T'(Yg, ® 1), s, ).

Lemma 8.2. (Classical paraproducts). Given a function b in BMO(R?), there ezists a
bounded bilinear form A} such that AL(1®1,-®-) =b, A}(-®-,101) = A}(®]1,1®-) =
AMNl®-,-®1)=0, A1(® 1@ )=A(®- - ®1)=0.
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Proof. Let (17); be a wavelets basis on L?(R). Let (¢g)r be the wavelets basis on
L?*(R?) defined by ¥ = g, ® ¥g,. We denote by 1) a bump function adapted to

I such that 12 has compact support in a set of measure comparable with |7|~! with
center the origin (7). Let finally ¢, = % ® %, .
We define the bilinear form

R

which, to simplify notation, we will just denote by A, during the proof of the lemma.
At least formally, A, satisfies

Ab(17g) = <97 b>
A(f,1) =M(fi® 1,10 g2) = A(1® fo,91®@1) =0
For the proof of their boundedness we proceed by using the duality H'(R?) —
BMO(R?). Since
Ao(f.g) =D (b, Ur)(f.UR) (9. ¥r)

= (03005 U3Ng, vr)en)

we have

1A(f, 9)| < |bllemor) || Z<f7 VNG, Vr) VR o r2)
R
Just assuming the sum is finite, we get that Y ,(f, ¥%) (g, ¥r)r € H'(R?) and then
[ Z £ g, o)l @) = SO, vE) g, vr)VR) | @)

R
with implicit constants independent of the number of terms in the sum. Now

S( S0, vag vmyn)

Z f’ le ®¢R2 < 71/}31 ®wR2>2 >_<F];1 ® X7,
R [R| Ry

9 2 XRy XRo
I vk @ VR D o v @ vn) TR T

= (M ®M)(f)*(S® S)(9)*
where M ® M and S ® S are defined by the two previous expressions and are known
to be bounded operators on LP(IR?). Then finally

||S(Z<f> VRN (9, UrYUR)| L r2)

;UC

< (M @ M)(f)o@) (S @ ) (9) |1 2y < CllFllr@) 191 1 gy
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To end, we still need to prove that this family of operators also belong to the class of
operators for which the theory applies. In particular, we show that they have integral
representations like the ones stated in definition 2.5 with kernels satisfying the definition
of a product Calderon-Zygmund kernel 2.1. We also prove the operator satisfies the
weak boundedness Calderén-Zygmund condition stated in 2.8. From

Mol 9) = S (b, 0m) (F, 62 (g, wom) = / F(H9(2) S (b, Or) VA () (@) dtda
R

R
we obtain the integral representation regardless disjointness of supports of the argument

funtions. Moreover,
K(w,t) = (b3 vh(Ovn(@)in)
R
and we check the two properties of a product C-Z kernel:

K (2, 0)] < Iellmvo) | 3 vhOva@)vn|
R

H'(R?)

As before, the H'-norm is equivalent to

‘S<ZR:%(WR(I)¢R>‘ L1(®2) / <Z¢R 2XIR}eg))l/Qdy

9 XR; 1/2
H/ Z%%Z Y, (2:) X|R(| )> dy;

i=1,2
Let I, be the smallest dyadlc 1nterva1 such that z;,t; € I, and let (I;)g>o the
family of dyadic intervals such that I,,; C I with |I;| = 2¥|I,,,|. Moreover, since
W | < |Ri|'xr, and [¢g,| < |Ri|~"*xg,, both integrals previously displayed are

bounded by
1/2 1 \1/2
dy=3 (D7) ML
kg%/zw\fk (Z |15 |f |17 |> ; ; 15[ !
2
_Z<Z24]|] |4> Pl Lain] S ~I |222k ~ x-—t-|
k>0 - j>k @i Titil g>0 L

ending the first condition. For the second one, we prove that
|at18t2K('r?t)| + |at1am2K(x7t)| + ’ax18t2K($ﬂt>| + |83018$2K(x7t)| <C H ’xl - ti|72
i=1,2

For expository reasons we deal only with the second term

at18I2K(x t < Zatl??le 5] ¢R2(t2)¢R1 (1‘1) I2¢R2($2)wR>

The four possible terms are not really symmetric since the averaging function 1%, only
appear in the ¢; variables. So, sometimes the derivatives hit an averaging function while
some other times they do not. However, it is the presence of derivatives of wavelets
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what produces the final estimates, regardless whether it is atﬂ/)%%i (t;) or Oy, g, (z;).
Actually, in all cases the derivatives increase by one the degree of the powers in |R)|
involved and so, they have the same impact in all four terms. Let’s see this point. As
before

|00, 0w, K (2, £)] < [l B7o(22)

S 0, (1) (1), (21) sy (22|
Ry

HL(R)
with the H'-norm equivalent to

15 (D2 000k, (t)0ma(t2) b, (21)0usm (22)6r) |

L'(R?)

= /R2 (Z(ath/}%‘l(tl))Ql/fRz(tZ)Qle (I1)2(8I2wR2(172))2X|RTS?’J)>1/2dy

R

:/(Z(@W}Qﬁ(h))%m( )2XT}%(?/|1 ) /(Z%b t)? IWRQ(xQ))gx%(lez))l/zdyQ

Ry
Let I,,+ be the smallest dyadic interval such that z1,t; € I,, 4, and let (Ij)r>o the
family of dyadic intervals such that I, ,, C I with || = 2¥|1,, ,,|. Since |9, ¥F (t1)] <
|Ri|"%xg, (t1) and |0,1r, (t2)| < |Ra|~/?xg,(t2) then, the first previous integrals can
be bounded by

1 1 >1/2 ( ) 1/2
T [T 1 \ L
[k+1\fk ’I ‘4 [ [ Z Z | J|6 *

k>0 k>0

B TSI AP S WP
0 265 |], |6 ux 23k~ g — ]2

k>0 5>k b k>0

while the second one is bounded by
1 1 1 >1/2 1 \1/2 1
( TELPL) Yo ( 7) Do\l S ————
;/Ikﬂ\fk ; |IJ’|2 |Ij|3 |Ij| k§>:0 ; |Ij|6 |z — ;]2

This way,
1 1

_t1|2 |.%’2 —t2|2

|at1am2K(177 t)‘ S HbHBMO(RQ) ‘xl

On the other hand, we also have

A(f1 ® fo, 0 ® go) = /fl(t1)91($1) Z(b, Ur) (f2, V) (92, Ry )V, (1) VR, (1) dty diy

R

and we obtain the integral representation regardless disjointness of supports of the
argument funtions. Moreover,

A2, (far92) = (0D (fos 0B (92 a0, (1), (1) )

R
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and we check the two properties of a weakboundedness-CZ condition: for all bump
functions f,, go which are L?-adapted to the same interval,

A2, 0 (f2, 92)| < |l0llBMOE2) Z(fm?/JRQ><92a1/1R2>%/1Rl(751)?/1R1(1’1)¢R‘

H'(R?)
As before, the H'-norm is equivalent to

HS< f271/’R2><92a¢R2>¢Rl(t1)¢31(331)¢3>)

L1(R2)

) / <Z Vi), ($1)2%ﬁ1)> 1/2dy1 / <Z<f2’ Vi,)* (92, ¢R2>2XI|%}2%(2y|2) ) 1/2dy2

Rl R2
< [ M) 02)5 02 () e
lz1 — 1]
1 1
< Ol follzw) g2l 22w pa— < C‘xl — 751’

Finally, we need to prove the analog estimates for (A2 , — Z # )(f2, g2) which will be

deduced from [0, A%, (f2, g2)| + 102, A2, (f2r 92)] < Clay — t1| 2. By symmetry, we

14 xy,t
work only with one of such terms:

O A2, 0 (F2r 02) = (B, D fos U, ) (02 ) DU, (1), (1))

R
and therefore, as before,

00, Azy ity (f25 92)] < |16l BMO®R?)

> (f2s V) (92, Vs ) O VR, (1) R, (171)7/)1%‘
R

H(R?)
being the H'-norm is equivalent to

H S ( Z<f27 Vi) (92, Uy ) O R, (11) VR, (301)1/13)

L'(R2)
= 2 2 2 XRi (Y1) )12 2 \2 o XRs (Y2)\ /2
-/ (vt Pom (P50 / (St vm ) e
1
N m/M(f2)(y2)S(g2)(y2>dy2 < Om

We also need to prove endpoint estimates for this paraproduct.

A(1® fr,0 ® g2) = Z<b, VR)(f2, VR, ) (0, VR, ) (92, VRy)

R

= <b? Z<f27 ¢R2><wa ¢R1><927 ¢R2>wR1 ® sz>
R
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= <b, (Z(w,dml)%) ® (Z<f2,7/1R2><92,¢R2WR2)>

Ry

Ry
and so
A(1® f1,7 @ g2) < ||bllBMmo@2) || @ Hf2(92)”H1(R2)

~ || bllsmoe2)||S (¥ @ I_If2 (92))| L1 (r2)

= HbHBMO(RZ)||5(1/J)HL1(R)HHh(gz)HLl(R)

< lIbllsvo) |91l | M (£2) 5 (92) ] 1 ey

< [|bllBymo2) 191 @) | f2ll Loy |92 Lo gy
which proves that A,(1® f1,- ® g2) € BMO(R).

We notice that we cannot demmand these paraproducts to satisfy that Ay(1® fo, Y ®
g2) = 0 for all smooth functions f, go and all bump functions ¢ with mean zero. The
same thing will happen with the following class of paraproducts which will force us to
deal the third class of paraproducts in a special manner.

We continue with the so called mixed paraproduct, that is, the one associated with
T1(1).

Lemma 8.3. (Mized paraproducts). Given a function b in BMO(R?), there exists a
bounded bilinear form A} such that A}(1®-,-®1) =b, AZ(101,-®-) = A2(-®-,181) =
AMe1,1®-)=0.

Proof. Using the same basis as in previous lemma, we define

A%(fa g) - Z<ba 1/}R><f7 z/}]2%1 ® z/}1‘32><9777Z)Rl ® w?%2>

R

which in this proof we will just denote by Ay.
At least formally, A, satisfies

Np(1® f2,91 @ 1) = (b, fo @ g1)
Ap(1,9) = Mop(f,1) = Ap(/1®1,1® g2) =0

For the proof of their boundedness we proceed as before.

Ao(f,9) = (0, 0r)(f, Uk, @ Ur,) {9, Vr, @ UF,)

R

= (0,340, © U b © VR

R
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and then, using the duality H'(R?) — BMO(R?) we have
IA(f, 9)| < Ibllsmoe) | D (s Uk, @ Unry) (g, ¥R, @ Vi, orlm &)
R

Just assuming the sum is finite, we get that Y o (f, V%, ®Vg,) (g, Vr, QVE, ) VR € H' (R?)
and then

1Y (f 0, @R, )9, Yr, @V, )R 1 r2y = 1O (S ¥, @R, ) (9, YR, @UR, ) 0R) | L1 r2)
R

R
with implicit constants independent of the number of terms in the sum. Since

S(S24 v @ vmg, om, @ U, )0m) (20)
R

B XRy XRo
= vk @ Um0, © Vi) ()[R 0)

< (500 D248 vy @ ) () Tt () (D2 5wl o, @ )Tt (@) ()
1 Ro R 2

= Mi(S2(f))*(z, ) S1(Ma(9))* (. y)

where the given expressions are not a composition of operators but just notation.
We first prove that those operators are bounded on LP(R?). We do so by applying
Fefferman-Stein’s inequality to S;M;: by denoting g,(z) = g(z,y), we have

YR, \ /2 XR; \ /2
H(Zsup@,wm@w?zz)?mz DI P H( M((g,¥r))* 1)
I R> |R1’ Lr(R?) R ‘ 1’

/H ZM om)) )f;z1|)1/2 P dy)l/p/

L¥'(R)
XR 1720 1/p'

([ S vm) T )
/ gy 77le |R1| Lp, (R) y

7

1/p' 1/p
_c /||5 (9,)I7, (R)dy) <C /||gy||Lp ® ) = Cllgll v 2

The other operator is easier because of the pointwise inequality M;S; < S;M,;.
Then, we finally get

Lv' (R?)

||S(Z<f7 VR (g, UrYUR)| L R2)

R
< [(MaS2) ()| o) | (S1M2) ()] Lo g2y < ClS o) 91| 1o m2)
To prove that this operators belong to the class of operators with a product Calderdén-
Zygmund kernel satisfying the WB-CZ condition, we apply the same reasoning as in
the case of classical paraproducts. We do not write the details.

Now we construct the last class of paraproducts, the ones associated with the terms
Tl®-), ®-).
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Lemma 8.4. (Third type of paraproducts). Given a function b in BMO(R), there exists
a bounded bilinear form A} such that AJ(1®1,-®-) = AJ(-® 1®1) =A(®1,1®) =
A(1®-,-®1) =0, A}(1®-,-®) =band A}(-®1,-®) = A}(-®-,1®) = A}(-®-,-®1) =
0.

Proof. Let (¢7); be a wavelet basis in L*(R) such that every 1; is a bump function
adapted to a dyadic interval I with constant C' > 0.

We define
AS(Fog) =D (b, r ) (f 0k @ Ur,) (g, Ur, @ r,)
R
which along the proof of its properties we will just denote by A,.
At least formally, A, satisfies

Ab(lag) = Ab(fa 1) = Ab(fl ® 17 1 ® 92) = Ab(l ® f27gl ® 1) = 0
A(f1i®1,01 ®02) = Mp(f1 @ fo, 1@ g2) = M (/1 @ fo, 0@ 1) =0
being the proof trivial in all cases. It also trivially satisfies that for every fs, g2 € S(R)

Ab(l & f27 1/) ® 92> = Z<b7 ¢R1><f27 wR2><¢7 77Z)R1><92; wR2>

R

= Z<b ® f2,¢R><¢ ® 92>¢R> = <b ® f2777Z} ® 92>
R
We prove now boundedness of A,. Notice that

Mo(F,9) = 30 (0 m ) (st 3o, V) 0 = D (T 0ma))s (9, 0ma) )

R Ra

Then, by boundedness of paraproducts we have

[As(£, )| < [IbllBaoe) D I1F bra) ol (g: Yra) [l
Ry

Now, the sum can be rewritten as

X&, (72)
5 I vl M

(D) (St )

RQ RQ

If we denote by

XR
(Z waQ ‘121|R2|>
Ry
the vector-valued square function, we have that expression 8.1 is equal to
/RZ SP()(@)S7 (9) (x)da < ISP (F)l @ 157 (9) | 1o iy

< Gl flle@) 9l 1o 2y
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ending the proof of boundedness.

We prove now that this family of operators also belong to the class of operators for
which the theory applies. For this, we just need to show that they satisfy the integral
representation stated in 2.5 with a kernel satisfying the definition 2.1 of a product
Calderon-Zygmund kernel. From

Ay(f9) =Y (b r ) fo Uk @ Uny) {9, VR, @ Ur,)

R

= [ £09() S0 v, (0 (1), (1) ) el
R

we directly obtain the integral representation regardless disjointness of supports of the
argument funtions. Moreover, this time the kernel is of tensor product type since

K, t) = (b, 63, (t)n, (21)6m, ) 3 Yns(t2)m, (1)

and we check the two properties of a product C-Z kernel. As we have seen before, the
first factor can be bounded by

HbHBMO(R)H Zl/)?ﬁ (t1) ¥R, (21)¥R, !
Ry

<1 _
S H HBMO(R) ‘171 — tl‘

H'(R)

For the second factor we reason as follows. Let I, ;, be the smallest dyadic interval
such that z9,ty € I, 4, and let (I;)g>o the family of dyadic intervals such that I, ,, C I
with [I;,| = 2¥|I, Moreover, since [¢g,| < |Ra|""?xg,, we have

1 1
Do lon ()| [Wr(@2)] £ 3 s
Ry F=20

2,t2|'

1 1

- Z k 1 S S
k>0 2 ‘]1?27752‘ ’II2,t2’ ’IZ - t2’

For the second condition, we prove that

|(9t1(9t2K(:C,t)| + |8t13Z2K(x,t)| + |8$18t2K(x,t)| + |8Z10w2K(x,t)| S C H |.5Cl — ti|_2

i=1,2

But, by symmetry we deal only with the first term
Oy O, K (2, 1) = <b, Z OV, (1) YR, ($1)¢R1> Z O, VR, (12) YR, (22)
Rl R2

Then, as before

9000 K (2, 8)] < bllmniom) || D 0, (01)bm, (21) 6,
Ry

H1(R) RZZ ‘ath/}RQ(tQ)’ stg(xz)‘
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with the 2!(R) norm equivalent to

|5(>2 onv, (e (20)m, )|

<« b
L'(®2) ~ |z — |2

For the second factor, we reason similarly as before. Now, let I, ;, be the smallest
dyadic interval such that xg,ty € I,,4, and let (Ii)r>o the family of dyadic intervals
such that I,,;, C I with |[I] = 2*|I, Moreover, since |tpg,| < |Ra|™Y%xr,,
|0, ¥%,| < |Ri|"?Xr, We have

Z‘éhrsz t? HQ/JSQ ) ‘ >~ Z |]— ’2‘]— ’1/2

k>0

27752|'

- Z k/2 ! 2 S ! 2 SJ L 5
k>0 23k/ |I$2,t2|3/ |Iz2,t2’3/ ’LL’Q — t2’3/

proving finally
1 1

— t1’2 ’IQ _ t2’3/2

The other properties are proven in a similar way.

|8t18t2K(x7t)| S ||b||BMO(R) ’Il

To apply previously constructed operators to the problem of reduction to the special
cancellation we proceed as follows. We first consider the functions defined by (b, ¢) =

A(1®171/})7 <b271/)> = A(l/% 1®1) and <b37w> = A(T/)1®17 1®w2)7 <b471/)> = A(1®¢27¢1®
1). By hypothesis, all of them are functions in BMO(R?) and so we can construct the
paraproducts A;i and Agj for i = 1,2 and j = 3,4 respectively.

Now we define the bilinear form

A=A=>"N =D A

i=1,2 j=34

which clearly satisfies the first cancellation conditions

A1 1L,y) =AW, 101) = A1 @ 1,10 ¢) = Al @ ¢y, ®1) =0

but not the remaining ones in the bump lemma 5.1 or its subsequent corollary.
We have seen in lemma 8.2 that A} (1® fz,- ® g2) € BMO(R) and in a similar way
A (1® fa,- ® g2) € BMO(R). Therefore, once we prove that also A(1® f2,9 ® g2) €

BMO(R) we will have that A(1 ® fo,¢ ® go) € BMO(R) and so, we can define the
function

(8.2) <B5®f2,¢®92> ZA(1®f2,¢®92)

for every 1 of mean zero. With such function we construct the third type of para-
products Ag We repeat the procedure three more times by taking into account the
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different permutations of the argument functions in the right hand part of equality
(8.2). Finally, we define

8
oY
k=5

which clearly satisfies all the required cancellation conditions.
To prove that A(1® fa,7 ® g2) € BMO(R) we need first the following lemma

Lemma 8.5. Let A be a bilinear Calderon-Zygmund form with associated kernel K
and satisfying the mized WB-CZ conditions.

We also assume that A satisfies the weak boundedness condition and the special
cancellation conditions:

<T(¢I®1)’()01®>7 <T(1®¢I)a ®§0[>a <T*(¢1®1)’(p1®>7 <T*(1®¢I)7 ®<)01> S BMO(R)

for all ¢;, o1 bump functions adapted to I with norms uniformly bounded in I.
Then,

(T(pr®1),0;0), (T(1Q¢r), - @¢y), (T*(pr®1),1h;®-), (T*(1®¢;),-®1,;) € BMO(R)

for all ¢r, ¥y bump functions supported and adapted to I and J respectively such that
INJ =0 and1; has mean zero, with norms satisfying

min(|1], 7)) )um ( diam(I U J) >—<1+a>

KT (61 ® 1), %5 @ -)llBMO®) S (m max(|1[,].J])

Proof. We assume that ¢; and v; are supported in I and J respectively. The general
case might need some extra decomposition of the argument functions involved in the
same way we did in the proof of the bump lemma 5.1, but we will not develope the
details here. We also assume that |J| < |I| and 1, has mean zero.

If |[I|~'diam(I, J) < 2 then ¢; and 95 are both adapted to I with the same constant
and thus, by hypothesis (W B ® T'(1))

AL @ ¢r, f @) < Cff ||

for any atom f.
If [7|7'diam(/, J) > 2, we reason as follows. Let f be an atom supported in K.
Since ¢; and v; have disjoint support, we have the following integral representation

AL b1 f@00) = [ 6x(tbsahae(1, Pitade,

Now, let ® a bump function L>-adapted and supported in K. We denote c; = ¢(J)
and cx = ¢(K). Then,

AN1®o¢r, f@Yy) = /R2 G1(t2) g (22) Ny, 1o (P, fdtadas

+/ D1(ta)hy(2) Mgy p, (1 — @, f)dtaday
R2
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We use the mean zero of i; to rewrite the first term in the following way

/ Gr(t2) V1 (22) (Nag,in (P, f) — Acy (P, f))dlady
RQ

Now, we have |1y —ty| > diam(I, J) > 2|I| > 2|.J| > 2|zy—cy|. Then, since |K|~}/2®
and |K \1/ 2f are L*-adapted in the same interval, by the WB, we can bound previuos
expression by

/ (D1 (t0) [0 (20| (Nayts = Aey o) (1] 720, | K]V )| dbrdry
|wa—t2|>diam(Z,J)

S / ’¢I(t1)|¢J($2)LCJ1|j6dt2dx2
|za—to|>diam(Z,J) |y — to]

< lorllallalla|l7°diam(7, )= S I|V2T 2] TP diam (1, )=+
JIN1/2+6
- (‘m‘) (/7] diam(1, 7))~ O+
To deal with the second term, we notice that ¢; ® (1 — ®) and ¥; ® f have disjoint
support and so we can use the integral representation

/ (1 = @)(t1) f(21)r(t2) s (w2) K (2, t)dtdz

R4

Now, because of the mean zero of both ¢; and f we can rewrite the integral as

/(1—‘1’)(tl)f(fﬁ)qbz(tz)l/)J(mz)(K(I,t)—K((CK,wz),t)—K((xhCJ),t)JrK((CJ,CK),t))dtdI
R4

Notice that 2|z; — cx| < 2|K| < |z1 — t1] and 2|zy — ¢j| < |xg — ta|. Then, by the
property of product C-Z kernel, we can bound by

|$1 - 0K|‘s \1’2 — CJ|‘s

1—®)(t
/R 100 = Bl s ) P
. _ 1
< | 7P diamn(Z, 7)oy [ |1 | K / @) L itd
R |lz1—t1|>| K| ‘xl - tl’
1
S i1, ) DR
J 1/2+6 _ . _
= (i) s 0

which ends the proof of this lemma.

Now, with the help of previous lemma and the hypotheses... we can prove A(1 ®
fo, ¥ ® g2) € BMO(R). The procedure is similar to the one developed to prove L?
boundedness of the linear form under the special cancellation properties.

With the three previous lemmata and the other five symmetrical statements which
come from all the possible permutations of the argument functions, we can finally prove
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boundedness of product singular integrals in the general case and finish this way the
proof of theorem 2.9 and also theorem 7.4.

9. APPENDIX

In the proof of the extension to LP spaces (see theorem 7.4), we used some bi-
parameter modified square functions whose boundedness properties are a direct conse-
quence of their uni-parameter counterparts. Now, in this appendix, we prove bound-
edness of such uni-parameter modified square functions.

Definition 9.1. Given k € Z, n € N, we consider the following operator

gk,n(f)(l“) = ( Z (f, 1) XJ(.T)) 1/2

1,JEPy |J’
) ,n

where Py, is the family of pairs of dyadic intervals (I,J) satisfying |I| = 2*|J| and

n < diam(/UJ) <n+1

— max(|I[,[J]) ’
We will prove bounds of such operators by means of the following modified square

functions:

Definition 9.2. Given k € Z, n € N, we consider the following variant of square

function
SN = (5 5w

I

where I and J are two dyadic intervals satisfying |I| = 2F|J| and n < % <n+l,

chosen in such a way that for every interval I there is a unique interval J.

This way we actually define a family of operators that depends on the particular
choice of intervals but whose bounds do not depend on such choice, as we will soon
prove. Notice that the particular choice does not depend on the point x.

We see now the the reason why this modified square function helps to control bound-
edness of the previous ones. Fixed a dyadic interval I, we denote Iy ,, the family of
dyadic intervals J such that |I| = 2%|J| and n < max(|1],|J|)"'diam(I U J) < n + 1.
We also denote by I the dyadic interval such that |I| = |I| and ||~ diam(I U I) = n.
Then, for all £ > 0

Sk,n(f)(x):( Z <f’fl>2xJ(x)>1/2

(et Y X]’}f))m = (MY g, () (@)

I Jeli I; 2751
Meanwhile, when k < 0 we have

gk,n(f)(x) = ( Z <f7 ¢I> XJ(x)) 1/2

I,JEICk’n ’Jl
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=Q:(ZXLwﬂﬂﬁU”s<gjawMVﬁw)”ZW%Mmu>

J Ielkyn

Proposition 9.3. For every 1 < p < oo, we have that if k >0
1Seaflls < Co2™ =6V log(n) + 1) £]),
while if K <0
1Sk fllp < o276 + log(n) + 1)1 1,
with constants C, independent of f, k and n.

Remark 9.1. Before starting with the proof, we notice that a carefull read of it re-
veals that, by means of vector-valued interpolation,the result also holds for vector-valued
modified square function with values in a Banach space X with the UMD property of

the form
1/2

for which every 1 < p < oo, we have that zf k>0
Sl n 2—
1Sk nfllrx) < Cpx (27586 Vog(n) + 1)l || | o (x)
while if k <0
—ksien(2— 2_
1Sknfllrx) < Cpx (2758670 £ log(n) + 1) 71| fll o)
Then, in particular for X = LP(R) we get for k >0
_ksien(2— 2_
1SkmfllLoee) < Co(27F GV 10g(n) + 1)o7 )| ]| o ey
while if k <0
_ksien(2— 2_
1Sk mf Ny < Co(27" 7Y log(n) + 1)'» ™Y £l o)

The estimate for p = 2 is a trivial consequence of Plancherel’s inequality. To extend
the result to other exponents p we plan to use interpolation and duality. So, we first
prove the following weak L' type estimate whose proof comes from a slight modification
of the one appearing in [27].

Proposition 9.4. If f is integrable and A > 0, then we have
{2 : Spaf (@) > AH < C27 "0+ D[ A
with a constant C' independent of f and \.

Proof. Consider the collection Z of maximal dyadic intervals I with respect to set
inclusion such that

ml[u@wm>x
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Let E be the union of all I € Z, the set that contains all intervals where f has large
average. The intervals in Z are pairwise disjoint and so

wws§JHSA*§:[uuwmsumm*

Iel IeT

We take a classical Calderon-Zymund decomposition f = g + b given by
g=">_ mi(f)xi+ fxm b=> fi
I I

with m/(f) = |I|7' [, f and fr = (f —m:(f))xr-

We see that g is essentially bounded by 2X. Outside FE, this follows by Lebesgue’s
differentiation theorem. To prove this inside £, it sufices to consider each interval I € 7
separately. Let I be such an interval and [ its parent interval. Then by maximality of
I we have

d d dr < \I| = 2\|I
¢}m>xs[uwxsﬂuwxs|| 1]

Moreover it is also clear that
[ [1s

Because of the L? boundedness of Sk, We have

H&w%scwﬁsc/mwmscwml

and so
{Skng > A/2} < O|[Skngl2A™ < Ol f A7
We plan to prove the same estimate for b = >, f;. To do so, we define E as the
union of all 3/ with I € Z. We also define I as the union of all J such that the
corresponding [ satisfies I C I’ for some I’ € 7 and F as the union of all 3J with
J C F. Then,
[{Sknb > A2} < [F[ 4+ A7 [Sknbll 11 g i)

Now we measure F' by means of a geometric argument that distinguishes between
large and small scales. Since |F'| < 3|F| and

F=|JuJ:1c1?}
1'el
we fix now I’ € T.

We also separate between k£ > 0 and k < 0 since the separation in scales is slightly
different. We first assume k£ > 0 for which we separate into two different scales: smaller
and larger than log(n).

The family of dyadic intervals I C I’ such that |I| = 27"|I’| with 0 < r <log(n) has
the property that the corresponding intervals J satisfy

diam(I' U J) < diam(I U J) > n|I| =n27"|I'| > |I']
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and so the intervals J are disjoint with I’. Moreover, their union measures at most
27F|I'| as we see: the intervals J are pairwise disjoint and so for every 0 < r < log(n)
we have

Jtgrcri=27ry= Y, =2t > p=274r

J:I1c1r I:1cr
[I| =27"|I'| [I| =27"|I'|
Then
log(n)
y U U{J I I |1 =271} <2 Flog(n)|I']
r=0

On the other hand for smaller scales, that is, intervals I C I’ such that |I| = 27" ||
with r > log(n), we have that the corresponding intervals J satisfy
diam(1'U.J) < |I'|/2+ (L") —c(J)|[+|J]/2 < |I'| )2+ |e(I") = c(D)|+|e(]) — ()| +]]] /2
<|I'|+diam(IUJ) <|I'|+ (n+ D[] < |I'| +2n27"|I'| < 3|I']
Then the intervals J are included in 31" and so
U Uirerin=2rp <o
r>log(n)
Both things show that
|U{J:TcCI} <C@2*log(n)+1)|I
and therefore )
IF|<3) |u{J:1cry
I'ez
< C(27%log(n) +1) Y _|I'| < C(27%log(n) + 1| fl1A~"
IeT
When £ < 0, the computations are similar but we separate into three different scales:
smaller than —Fk, between —k and —k + log(n), and larger than —k + log(n).
The subfamily of dyadic intervals I C I” such that |I| = 27|/’ with 0 < r < —k
has the property that the corresponding intervals J satisfy
diam(I' U J) > diam(I U J) > n|J| = n27%|1| = n27*7"|I'| > |I'|

and so they are disjoint with I’. Moreover, their union measures at most 27%|I'|27"
as we see: for all intervals I considered, their correspoding intervals J satisfy |J| =
27%="|I'] > |I'| and so there is a unique interval J corresponding with the different 1.
This way for every 0 < r < —k we have

=2y < ) = 2751 = 27|
and then summing a geometric series we have

—k
JUT 1 cr =271} < c2741

r=0
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On the other hand, the subfamily of dyadic intervals I C I’ such that |I| = 27|’
with —k <r < —k+1log(n) has the property that the corresponding intervals J satisfy
diam(7 U J) > n27F="|I'| > |I'| and so they are still disjoint with I’. Moreover, their
union measures at most |I'| as we see: now |J| = 27%"|I'| < |I’| and on varying [
there are |I'|/|J| = 27%7" different disjoint intervals J whose union measures exactly
|I'|. Then for every —k < r < k + log(n) we have

(Ul rcr =27y < |1

For different r, the intervals J are contained in a different translation of I’. Then the
intervals J are pairwise disjoint and so

—k+log(n)

U U:rcrn=27} < logn)|I'|

r=—k

Finally, for smaller scales, that is, intervals I C I’ such that |I| = 27"|I'| with
r > —k + log(n), we have that the corresponding intervals J satisfy

diam(I' U J) < |I'| 4 diam(T U J) < (n + 1)|J| < |I'| +2n27%7"|T'| < 3|T'|
and so they are included in 31’ and so
U Urcrn =2 <ol
r>—k-+log(n)
The three bounds together show that
|U{J:TcI'}<CR2"+log(n)+ 1)1

and so

IF|<3) |u{J:1cry

I'el

< C(@27F +log(n) + 1) Y |I' < C27F +log(n) + )| f: A~
IeT
The following step of the proof is to show

[[Sknbll 1y 7y < C272|| £l
and, by sublinearity, it suffices to prove
1Sk frrll ey iy < C27F2A| I

for each I’ € Z. This in turn follows from

(i) |

[(fr:¥n)|
Z |fj,1/21 XJ

JZF JZF 1
< [l < 2—’“/22 [ frs )| 1]1/2
JZF I¢E

< C27M2| |y < C27F2N| T
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where we have used that J ¢ F implies by definition of F' that the corresponding
interval I satisfies I ¢ E. Moreover, the last inequality follows from lemma 9.5 below.
Finally then,

[{Skab > A/2}| < C7Fn+ DA+ C27 2| fll A~

which ends the proof since 27¥/2 < 27% 4+ log(n) + 1 < 27 %log(n) + 1 for all k € Z and
n € N.

The following lemma is the technical result needed to prove proposition 9.4. For the

sake of completedness we include its proof although is exactly the same one that can
be found in [27].

Lemma 9.5. Let I' be some interval and f be an integrable function supported in I’

with mean zero. For each dyadic interval I let ¢; be a bump function adapted to I.
Then

> WfLenli? < Clifls

LIg3r
Here 31" denotes the interval that shares the center with I' and is of length 3|I'|.

Proof. We first consider the sum over all dyadic intervals I such that I ¢ 31’ with
|I| < |I']. Let ¢ be the midpoint between ¢(/) and ¢(I’). By symmetry we may assume
that supp f C (—o0,¢) and then,

’<f7 ¢I>| < Hf”Ll(*oo,c)||¢IHLOO(_0070) + HfHL“’(QOO)||¢I||L1(c,oo)
< lfihei2(1+ - )
which gives
c(I) — (I’ -N
[(f. o)1 1]1* < C”f||1<1 n w)

For any two integers k > 0 and m > 0 there are at most two intervals I such that
|I'|/|I] = 2% and the integer part of 1 + W

intervals which satisfy I ¢ 3I’. Thus we can estimate

Yoo KfenlIZ<Clflh Y] Y m N <Clflh

I:|I|<|I| k>0 m>2k
1¢3r

We now consider the sum over all dyadic I with I ¢ 31" and |I| > |I'|. Let D denote
the operator of differentiation and D~! the antiderivative operator

D) = [ " f)dy

Notice that because of the mean zero of f, the support of D~ f is also included in I’.
Then, by partial integration and the fact that |I|D¢y is a bump function adapted to

is m. If m < 2%, there are no such
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I, we have

[(f. 010 = 71 {D™, [1|Dér)|
< T UID™ I (oo D1l L (wooe) + 1D f |z o) 1171 Dl 1, 00))
I)—c(I")|\1=N
<l et (1 DA
Now, from ||[D~1f||; < |I'|||f||: we obtain
r c(l) —ce(I")|\1=N
(.ol < ol (1 44D
] 1]
For any two integers £k > 0 and m > 0, there are at most two intervals such that
|I|/|I'] = 2* and the integer part of 1 + W is m. Thus we can estimate

Y. WKLol <Clflh Y] Y 27*m N < Olflh

I:|11>1|T| k>0 m>1
I¢3r

ending the proof of this lemma.

Once the weak L! type inequality is proved, by interpolation we obtain for 1 < p < 2
2_
1Sy < o2 n+1)7 | £,

In order to obtain boundedness for the remaining exponents 2 < p < oo we consider
the following martingale operator

Tin(f) (@) =Y {fo0n) ()

7
where I and J are given by the same relationship that in the definition of Sy ,. This
operator trivially satisfies Tj;  (f) = T_1»(f). Actually, the implicit index j does not
change and so we may also write T}, .(f) = T_j;(f). Moreover, we have that the
classical square function of T} ,(f) coincides with Sy ,,(f):

ST = (Z @) = (R w0) " = st

So, by properties of classical square function and the previous case with 1 < p/ < 2,
we have
[SenllLe—rr = 1S (Ten)llLo—rr = | TemllLo—rr

= ||T1;k,n||Lp’—>Lp’ = ||Tfk,nHLP’—>LP’ ~ ||ka,n||Lp’—>Lp’

< Gy (2 log(n) + 1)7 ™V = C,(2" log(n) + 1)+~
or

||Sk7n||LP%LP ~ HS*k,TLHLP'aLP'
< Cp(2" +1log(n) + 1)'7 ™ = C,(2" +log(n) + 1)5 7"
This ends the proof.
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