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Interpolating Sequences for the Multipliers of the Dirichlet Space
Donald E. Marshall and Carl Sundberg

Abstract. The Dirichlet space D consists of all analytic functions f defined on the unit disk D
with [o [f (2)|?dA < oo. The space of multipliers Mp consists of analytic functions ¢ with o f € D
for all f € D. A sequence {z,} C D is called an interpolating sequence for Mp if for each bounded
sequence of complex numbers {w,} there exists ¢ € Mp with ¢(z,) = w, for all n. Our main
result is a geometric characterization of the interpolating sequences for Mp, answering a question

of S. Axler.
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§1 Introduction.

The Dirichlet space D consists of all analytic functions f(z) = >~ a, 2™ defined on the unit

disk D with
[1r@Paam =3 njaf? <,
D

n=1
where dA denotes the usual Lebesgue measure on D. Define the norm on D by

[ee]

113 =3 (0 + 1)anf? = / 17 (@) P2+ /D £/ (2)PdA/,

n=0

where df is the usual Lebesgue measure on [0, 27] and f(e?) denotes the non-tangential limit of f
at € (a.e. df). A function ¢ is called a multiplier of D if ¢ f € D whenever f € D and we denote
the set of multipliers by Mp. Since the constant function 1 is in D, we have Mp C D. We shall
see shortly that in fact Mp C H®, the Hardy space of bounded analytic functions on ID. The
algebra Mp plays a role in the study of the Hilbert space D which is similar to the role played
by H* in the study of the classical Hardy space H? of analytic functions with square summable
coefficients. Indeed H* is exactly the space of multipliers of H?: ¢f € H? for all f € H? if and
only if o € H*®.

A sequence {z,} C D is called an interpolating sequence for H* if for each bounded sequence
of complex numbers {w,, } there exists ¢ € H> such that ¢(z,) = w, for all n. Carleson [C2] gave

the following geometric characterization of interpolating sequences for H*°. Let

i

be the pseudo-hyperbolic metric on D. If I = {e% : 6y < 6 < 6y + a} is an arc on D whose
length = |I| = a, let
SI)y={re?:1—a<r<1, 6 <6<0+a}

be the approximate square with base I. If a > 1, let S(I) =D.

Theorem [Carleson|. A sequence {z,} C D is an interpolating sequence for H* if and only if

there is an € > 0 and K < oo so that

(1) p(2n, 2m) > € for all n # m and

(2) Y (—lzf’) < K|

zn€S(I)



for all arcs I C JD.

A positive measure p defined on D is called a Carleson measure for H? if there exists a constant

K < oo such that
/D £(2)Pduz) < C1 |2

for all f € H2. Carleson [C2,C3] proved that u is a Carleson measure if and only if there is a

constant K < oo such that

u(S(1)) < K|I|

for all arcs I C JD. Thus (2) can be rephrased as
(2/) Z(l — |2n]?)é., is a Carleson measure,

where 6, denotes point mass at z. Any Carleson measure can be obtained as a weak-* limit of
discrete measures related to interpolating sequences as described in Jones[J2]. Carleson measures
and interpolating sequences proved to be of great importance in the proof of the Corona theorem,
by Carleson [C3], and in finding L solutions to 0-problems by Jones [J1], for example. Carleson
measures were also fundamental in the development of BMO by C. Fefferman [Fe], Jones [J2] and
others.

We define interpolating sequences for Mp and Carleson measures for D in an analogous fashion.
A sequence {z,} C D is called an interpolating sequence for Mp if for each bounded sequence of
complex numbers {w, } there exists ¢ € Mp such that ¢(z,) = w, for all n. A positive measure

1 defined on D is called a Carleson measure for D if there exists a constant C' < oo such that

/ F()Pdu(z) < CIII3
D

for all f € D.
Stegenga [St] gave the following geometric characterization of Carleson measures for Mp. If

E = UlIj is a finite union of disjoint arcs {I;} C dD, let S(E) = US(I;).

Theorem [Stegenga]. Let u be a positive measure on D. Then p is a Carleson measure for D if

and only if there is a constant Cy < oo so that whenever E is a finite union of disjoint arcs in JD

®) Wus(E) < o (o g )
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where Cap(F) denotes the usual logarithmic capacity of E.

If g(z, 00) is Green’s function for C* \ E with pole at oo, then g(z, 00) = log|z| + v(F) + o(1)
near co and Cap(E) = e 7). Stegenga’s theorem is a geometric characterization because Fekete
and Szegd (see [Ah]) proved that the logarithmic capacity of a set E' is the same as the transfinite
diameter of E. Some authors call Cj(E) = ﬁ the capacity of E, in which case the right side
of (3) becomes Cj(E), the capacity of UI;. The right side of (3) is also comparable to a Bessel
capacity [St].

In [Ax], Axler studied interpolating sequences for Mp. He proved that any sequence {z,} C D
with |z,| — 1 contains a subsequence which is interpolating for Mp, though he could not give an
explicit example of an interpolating sequence. He asked:

(i) Give a concrete example of an interpolating sequence for Mp.
(ii) Find a growth rate for {|z,|} that implies {z,} is an interpolating sequence for Mp.
(iii) Give a necessary and sufficient condition for {z,} to be an interpolating sequence for Mp.

The following theorem is our main result, answering (iii) above.

Theorem 1. A sequence {z,} is an interpolating sequence for Mp if and only if there is a v > 0

and Cy < oo such that

(4) 1= p*(2n, 2m) < (1 —|2,]*)Y for all n # m and

5 > (s o (g )

zn €S(E)

whenever FE is a finite union of disjoint arcs in OD.

By Stegenga’s theorem, (5) can be rephrased as

-1
1
5 log ——— 6, is a Carleson measure for D.
1 — |zn|? "

As consequences of Theorem 1, we also give answers to (i) and (ii) above. In the course of the
proof of Theorem 1, we will also prove that (4) and (5) characterize the interpolating sequences
for D (defined below). Our approach is to use the analog in Mp of Pick’s theorem to convert the
interpolation problem to an L? problem about Riesz sequences. In section 2, we develop the Hilbert
space background. In section 3 we give a new proof of Carleson’s interpolation theorem for H°,
based on this approach. In section 4 we prove Agler’s theorem that the analog of Pick’s theorem

for D holds. In section 5 we prove Theorem 1 and draw some consequences. While this paper
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was in preparation, we received a manuscript from C. Bishop proving that (4) and (5) characterize
interpolating sequences for D and that (4) and (5) are sufficient for {z,} to be an interpolating
sequence for Mp, though he could not prove they are necessary for interpolation in Mp. Bishop
also derived the necessary and sufficient condition in Corollary 21 for sequences contained in R NID
to be interpolating, and found an example of the phenomena in Example 24. His techniques are

different from ours. We thank B. Solomyak for a useful conversation.
§2 Interpolating Sequences and Bases.

Theorem 1 and Carleson’s theorem can be put in a common framework by considering repro-
ducing kernels. If f(z) = Y o anz" and g(z) = > o b,2" then H? is a Hilbert space with inner
product ,

< f,g>m= i ’ f(e)g(e?)dl/2n = Zana

Likewise, D is a Hilbert space with inner product
< f,9>p=</f.9>ne +/Df/(z)WdA(z)/7T =Y (n+1)agby.
If o € D, the function kq(z) = (1 —az)~! =Y a@"2" € H? satisfies
fla) =< f,ka >p2

for all f € H?. Similarly, the function

1 1 =1
ko(2) = —1 = a"z"eD
(z) az Ogl—az 7;)”+1az

satisfies

f(Oé) =< faka >p

for all f € D. The functions k. are called reproducing kernels since they “reproduce” the value of
functions in the Hilbert space at points of D. The norm of k, can be easily computed with the
useful identity

ko(a) =< ko, ko >= ||kal|*

The connection between reproducing kernels and interpolation is found by considering the adjoints
of multiplication operators: If ¢ € Mp let M, be the bounded operator on D given by M, f = ¢f
forall feD. For f € D and a €D

(6) < Mgka, [ >=< ko, Mypf >= < ¢f ko > = p(a) <ka, f>.
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Thus MZke = o(a)kq. In other words, each k, is an eigenvector of M with eigenvalue ¢(a). The
identity (6), using f = k, also shows that

lpll e < [IMZ]] = [[M,]],

and hence Mp C H®. Specifying the values of a function ¢ at points z, € D is then specifying
certain eigenvalues of the operator M. A similar situation occurs with H°® since it is the space
of multipliers of H2. (This view of H* as a space of multipliers is not artificial. In fact, it is the
reason H is important in control theory and other applications. See, for example, [Fr].)
Suppose now that A is a Hilbert space of analytic functions on a domain 2 C C" such that

evaluation at o € Q is a bounded linear functional on A:

[f(@)] < ClIf]]a

for all f € A. Then for each a € ), there is a unique function k, € A so that f(a) =< f, ko >,
for all f € A. We will also suppose that for every finite set «aq,...,a, € € the corresponding
reproducing kernels {k,,} are independent. For example, if for every finite set aq, ..., a;, € §2 there
is an f € Asuch that f(oy) =1 and f(o;) =0, j =2,...,n, then the kernels are independent. A
function ¢ is called a multiplier of Aif ¢ f € A whenever f € A and we denote the set of multipliers
by M 4. By the closed graph theorem, if ¢ € M 4 then the multiplication operator M, given by
M,(f) = ¢f for all f € Aisa bounded linear operator on A. We define ||p||r, = ||My]|. By the
same calculation as (6),

Mzko = p(a)ka,

and thus ¢ € H>(92) and [[¢][oc < [l]|rt4-

Definition: A sequence {z,} C Q is called an interpolating sequence for M 4 if for each bounded

sequence of complex numbers {w, } there exists ¢ € M 4 with ¢(z,) = w, for all n.

By the closed graph theorem, if {z,} is an interpolating sequence, there is a constant C' < oo

so that the interpolation can be done with a ¢ satisfying ||¢||pm, < Cl|[{wn}|eee.

In order to understand interpolating sequences, we ask the following question.
Given z1,...,z, €  and complex numbers wy, ..., w,, when does there exist o € M 4 such that

llollma <1, and p(z;) =w;, i=1,...,n?



It is easy to give a necessary condition. We say that a finite matrix P = {p; j}i j=1,..n is

positive semi-definite if

Z pija;a; >0, forallay,...,a, € C.

1,j=1,...,n
If P is positive semi-definite we write: {p;;} > 0. There is an equivalent formulation in terms of
determinants. It is easy to see that a positive semi-definite matrix must be self-adjoint: p; ; = p;;.
A self-adjoint matrix P = {p; j}i j=1,..n is positive semi-definite if and only if for all sets A C

{1,...,n} the matrix P4 = (p; ;)i jca satisfies
det P4 > 0.
Let ki j =<k, k., >.
Proposition 2. If p € M4 with ||p||m, <1 and ¢(2;)) = w; fori=1,...,n then

{(1 = wiw;)ki ;3 = 0.

Proof.

(7) 0< |1 aik,

2= (1 —ww))ki ja:a;.

i?j

P IMy(Y aiks,)
O

The determinant conditions give concrete and checkable conditions in terms of the data. The
proposition can be reformulated to give a condition with fewer determinants to check. A matrix
P = (pij)ij=1,.n is called positive definite if

Z pija;a; >0, forallay,...,a, €C,

Hi=1,..0m

except when a; = as = ... = a, = 0. If P is positive definite we write: {p;;} > 0. Let P,
be the m-by-m principal submatrix Pp,, = (p; ;)i j=1,...m- Then an n-by-n self-adjoint matrix P
is positive definite if and only if det P, > 0 for m = 1,...,n. If P is positive semi-definite then
det P,, > 0 for m = 1,...,n. The converse, however, is false. See e.g. [BCR, Chapter 3| for these
and other elementary facts about positive semi-definite matrices. Proposition 2 can be reworded

to the equivalent statement:
If there exists a ¢ € M 4 with ||p||s, <1 then det {(1 —wWw;)k; ;},, >0, form=1,...,n.

As a simple application, we give the following Corollary, which is exactly the invariant form of

Schwarz’s lemma when Q =D and A = H?.



Corollary 3. If p € M4 with ||p||pm, <1 then

p2(o(21), p(20)) <1 — 21—

where p(z,w) is the pseudo-hyperbolic metric defined in section 1.

Proof. Take the determinant of the 2-by-2 matrix P, and use the identity

(1 -z = w])
|1 —Zw|?

1= p(z,w)* =

9

for all z, w e D. O

As a consequence of Proposition 2, if {z,} is an interpolating sequence for M 4 then there is

a constant C' < oo so that for all sequences {w,,} with |w,| <1/C
(8) {1 —wiw;)ki;} = 0

for all principal m-by-m submatrices. In other words, by the computation (7), if |b;| < |a;| for all

then

(9) 1Y bike || < CIY ake .

In order to understand the inequality (9) we will make a short detour through arbitrary Hilbert

spaces. For positive quantities A and B, the notation A ~ B will mean there is a constant C' < oo
so that

1 A

— < =<C.

C — B~
If {x, } is a collection of vectors in a Hilbert space H, then Span{x, } will denote the smallest closed

subspace of H containing the collection {x,,}.

Definition. A sequence of unit vectors {u,} in a Hilbert space H is an interpolating sequence (IS)

for H if the map
(10) x—{<z,u, >}
maps H onto 2. In other words, Span{u,, } is mapped one-to-one and onto £2.

Definition. A sequence of vectors {z,} in a Hilbert space H is called independent if for all n,

ZTn & Span{xy : k # n}.



Theorem [Ko6the-Toeplitz]. Let {u,} be a sequence of unit vectors contained in a Hilbert space

H. Let K be the smallest closed subspace of H containing {u,,}. Then the following are equivalent.
(IS) {wun} is an interpolating sequence for H
SS)  Forallz € K, ||z||* ~ Z| <x,u, >|*, and {u,} isindependent.

RS) || Zanun||2 ~ Z lan|? for all {a,}.
(UBS) There is a C' < oo such that || anunH < || ZanunH whenever |b,| < |a,| for all n.

(
(

A sequence satisfying (RS) is called a Riesz sequence and a sequence satisfying (UBS) is called
an unconditional basic sequence. The inequality (9) says that {k._/||k., ||} is an unconditional basic
sequence. This theorem can be found in [Nk|. We are not sure of the history. The equivalence of
(RS) and (UBS) is called the Kéthe-Toeplitz theorem in [Nk]. Because it is central to the proof of

our main result, we include a self-contained proof.

Proof. First note that (IS) is equivalent to (SS). For if (IS) holds, then {u,} is independent, and by
the closed graph and open mapping theorems, (SS) holds. Conversely if (SS) holds, then the map
(10) has image I which is a closed subspace of ¢2. If I # ¢? then there is a sequence a = {a;} € (2,
a # 0, so that

Z@ < x, U, >=0,

forall x € I. Fix N and M and set x = ZAN/I anty,. Then

M M
1D " anunl = > <z, up >
N N

M % M 2
< (zw) (D o> |2)
N N

-

M 3
< (ZI%F) Ol

N

since (SS) holds. Thus

M M %
I ZanunH <C (Z |an|2>
N N

and hence Zf[ anuy, is a Cauchy sequence. Set 20 = > 1° anuy,. Then ||z]]? = > " ap < z,u, >=0.

Since {u,} ARe independent, this implies a,, = 0 for all n, contradicting a # 0. Thus (IS) holds.

9



Next note that (RS) is equivalent to (SS). For if (RS) holds, then clearly {u,} is independent
and

||zl = sup{| < 2, ) _anup > ||| Y anu,|| < 1}
~sup{] Y @ < zun >0 Jan]? < 1}

= I <zu, > Pz,
proving (SS). If (SS) holds, then for z € K

1D " anunll =sup{| < 2, anun > |z € K, ||z]| < 1}

Nsup{|2@<x,un>|:2| <zu, > <1}
1
= (D laal?)?,

and hence (RS) holds. Here we used that x — {< z,u,, >} maps K onto £2.
Now suppose that (RS) holds. If |b,| < |a,]| for all n,

|| anunHQ S Cl Z |bn|2 S Cl Z |an|2 S C’2|| ZanunHQa

proving (UBS).

Finally suppose (UBS) holds. To show (RS), it suffices to consider finite sequences {u,,} and

prove (RS) with constants which are independent of the number of elements in {u,,}.
Lemma [Orlicz]. If xz,, € H, then there exists complex numbers €,, with |e,,| = 1 and
Y Mzl <11 enwal®
Proof. Use induction and

<z,y> 2 2 2
= 7|<w>|y|\ > [|zf|” =+ [lylI*.

By Orlicz’s lemma and (UBS)

Z |an|? = Z lanunl]* <] ZenanunHQ < | ZanunHQa

which is the lower estimate of the norm in (RS). Note that by (UBS)

lan| < C| ZanunHa

10



so there exists v, € K with ||v,|| < C and < ) amtm, v, >= a, for all x = > anu, € K. To
prove the upper estimate of the norm in (RS) we will first show that {v,} satisfies (UBS). Suppose
by, = Anay, with [N\, <1 for all n. Then

| <D bntn, Y ntin > = bufn = > anincn
= <D anvn, Y Ancntin > |
<1 anonl[ 11D Ancatil|
<CIY anval 11D entnll.

By duality, || Y  bpon|| < C| > anvy||. Again by Orlicz’s lemma and (UBS) for {v,}

Z [bn]? < Z o) [|val[* <] ZenbnvnHQ <] anvnHQ

and hence

(1) <D antin, Y bt > 2 =D anbal® <Y lanl* > [0nl> <D lan*C3 D bnval®,

Each = € K is of the form ) b, vy, since 0 is the only z € K orthogonal to all such sums. Thus
by duality and (11)

I Zanun||2 < C? Z |an|2-

proving (RS) holds and completing the proof of the theorem. O

Note that (5") is equivalent to the lower estimate of the norm in (SS):

Yl<sg Z|||k < C||fI%,

for all f €D.
§3 Pick’s Theorem and H* Interpolation

It is a fundamental result of Pick [P] that the converse to Proposition 2 holds for H>. As
mentioned above, when A = H?, the space of multipliers is H> and k; ; =< k,,, k., >= (1—z7z;) 1
In this case, it is easy to show

ollamye = ll¢lloo-
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Theorem [Pick]. If z1,...,2, € D and wy, ..., w, €D then there is a ¢ € H*™ with ||¢||s < 1

and ¢(z;) = w;, i = 1,...,n if and only if the n-by-n matrix
Lowiwi |,
1— Z_iZj -

A classical technique in harmonic analysis, in vague terms, is to convert an “L°°” problem
to an “L'” problem via duality, and then convert to an “L?” problem, which can then be solved.
In many situations, though, duality arguments do not work. The philosophy of this paper is that
the Pick theorem plays the role of converting to an “L?” problem, namely proving a collection of
reproducing kernels forms a Riesz sequence. To further motivate the method, in this section we
give a self-contained proof of Carleson’s interpolation theorem along these lines. Amar[Am] proved
Carleson’s theorem from Pick’s theorem, using Carleson’s geometric characterization of Carleson
measures. The proof below does not depend on this latter result of Carleson.

Let 21, ..., z, be distinct points in D, and let

° zZ — Z; z — Z;

i=1 i#j

(1—122)(1 = |2;]?) .
Cy —supz 1—z]z1|2 / and 5:1rilf|Bi(zi)|

The next Lemma is due to Shapiro and Shields [SS1].

Lemma 4. Let K = ZCJBQICQ/H]CH?’ Then

ki
<K, G| >=¢;Bi(%)? and ||K|]* <20, Z lej 2.
Proof. ) )
B B
< B?K?,B? k? > =< : >
g G- =P
B /2’T 1 e’ ie'?df
Jo (e —2;)2 (1 —ze®)2 2mi
_4d_z
dz (1 —7%2)?
Z:Zj
_ _I+zz
(I -zz)s
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Since

(=)= |5 _ |

(12)

1—Z_iZj

we have
1

_1 _1
21— |5 (1= [af?) ¢

< B%k.. B?k; > | <
| Vi 7 7 'V |— |1—Z_ZZ]|2

By Schur’s lemma

|K||? = Z| °k?, Bk} >

<23 o I —|zj|2>< — Jzil?) <10, Xl
— |CJ| |CZ| |1_ |2 |CJ|
0. 1%

(Schur’s lemma in this context is just two applications of Cauchy-Schwarz, followed by an inter-

change in the order of a double sum.) Clearly < K, HZ—H >= K(z)/||ki|| = ciB?(z;). a
The next Lemma says that {k;/||k;||} is a (RS).

Lemma 5. )

64 i C
EZ"”'QSHZ e = 5 el

Proof.
2

‘Za_iciBf(zz > <20 (> feil?)

If C; = CLZ|B12(ZE)|/B12(ZZ) then

o' (3 |ai|2>2 <201 (Y Jail?) Hzaz IIZ

which proves the left inequality. To prove the right inequality, note that

|<KZaz

ki
’Z“inkin

B B 1 1 e —
>=< —, = >= <k, kj >.

< Bjk;, B;k; >=<
B z—2z z— % 1—27"1—2Z

Thus 9

2
K
H - HZ%’BJ Iz

Note that h =) @;B;k;/||kj|| € M = Span {k; : j =1,...,n} by partial fractions, and




Let ¢; =a;/B;(z;) and form K as above. Then h — K is orthogonal to M and hence

|

2
201
= |l <|IK|* < =5 > lagl*

d

We can now easily prove Carleson’s theorem. If |w;| < §2/(2C}) then using both inequalities

in Lemma 5
0 <D aiksl > = 1D aiwika|[* =D (1 = Wiw;) < ki, kj > a;a;.
i7j
By Pick’s theorem there is a function ¢ € H* with |||/ <1 and ¢(z;) = w;, fori=1,...,n.
Suppose now that {z;}$°, C D and

(13) inf 5 —2>0 and
i1F£] 1 —ZiZj
(1 -z = |2/)
14 Cy = - < .
49 : S“pz T <o

It is a standard elementary calculus argument using logarithms (see [G]) that
irilf |Bi(z;)| =6 > 0.
Thus there is a constant K (e, Cy) depending only on € and Cy so that if
|w;| < K(g,Ch)

then there exist a ¢ € H*™ with ||¢||ec < 1 and ¢(z;) = w;, fori =1,2,.... The passage from finite

sequences to a countable sequence is just a normal families argument. It is elementary to prove

that (14) and (2) are equivalent (see [G]), thereby proving Carleson’s theorem. a

The key idea of the above proof was to show (Lemma 5) that k;/||k;|| forms a Riesz sequence

and then use Pick’s theorem.
84 Pick Interpolation in M 4

We now return to our assumptions that A is a Hilbert space on a domain 2 C C* and that

{kq : @ € Q} is an independent collection of reproducing kernels for A.

14



Definition. We say that A has the Pick property if whenever {z;}T C Q and {w;}} € C satisfy
{(1 —wiw;)ki;} =0,
then there exists ¢ € M 4 with ||¢||am, <1 and o(z;) =w;, fori=1,...,n.

We remark that if the Pick property holds, then it also holds if we replace finite sequences by
countable sequences. That is, if the Pick property holds, and if {z;}52, C  and if {w;}32, C C

such that for each n, the n-by-n matrix
{(1 —wiw;)k; 5} >0,

then there exists ¢ € M4 with ||p||m, < 1 and ¢(z;) = w; for all . Indeed, for each n there is a
©n € Mg with ||@n||m, <1 and o(z;) = w; for i = 1,...,n. Since the unit ball of the bounded
operators on A is compact in the weak-operator topology and since A is separable, we can select a

subsegence ¢,; and an operator T" such that
lim < M%jf,g >=<Tf g>
J

for all f, g € A. Applying the above with g = k, for a € Q shows that T" = M, for some ¢ € M 4
with [|¢||m, <1 and ¢(z;) = w; for all i. Of course we can extend this to uncountable sequences,
by selecting a countable subsequence with a cluster point in €2 and using Proposition 2.

The Pick property can be used to describe zero sets. Suppose {z; }}";1 C Q. Let zg € €2, with

29 # zj for j =1,..., and let

(15) ca=inf{|[flla: f(z0) =T and f(2;) =0, j=1,...},
and let
(16) cm, = nf{|[pl[my s p(20) =1 and p(2;) =0, j=1,...}.

Proposition 6. Suppose A has the Pick property and {z;} C Q. Then there is a non-zero f € A
with f(z;) = 0 for all j if and only if there is a non-zero ¢ € M 4 with ¢(z;) = 0 for all j. Moreover,

cma = CAllkzlla:

There is a unique fy and a unique o which are extremal for (15) and (16) respectively and they

satisfy

f0=900|



Proof. Let K be the smallest closed subspace of A containing {z; }?‘;0. Define A € K* by

A(Z Cij‘Zj) = agp.

Then there exists a f € A with ||f||4 = ||[A]| and A(g) =< g, f > for all g € K. Clearly f(z9) =1
and f(z;) =0 for j > 1, and it is the unique element of K with these values. Since projection into
K decreases norm, [|A|| = c4.

Likewise, define an operator S on K by

oy = 90 ks
S ak=) = TR ol

Then ||S|| = 1. By the Pick property, this occurs if and only if there is ¢ € M 4 with |[¢||ap, <1
and ¢(z;) = 0 for j > 1 and @(z0) = 1/([|A[l[[kz]1). Thus ear = [[Al[[[kzol| = callkzolla. T @ is

an extremal function for (16) then

satisfies

ca < |[flla < llellma/ k=l = ca

and f(z9) =1 and f(z;) = 0 for j > 1. By the uniqueness of the extremal function for (15), ¢ is

also unique. O

The zero sets of A and M 4 are not always the same. For example, Horowitz [Ho] proved
that the zero sets of the Bergman space A? are different from the zero sets of M 42 = H>. Note
that Proposition 6 does not guarantee that the extremal functions vanish exactly on the given
collection {z;}, but in some cases we can prove this is the case (see Corollary 13). We also note
that Proposition 23 contains an estimate of caq, in some important special cases.

We now apply the results of section 2.
Corollary 7. Let {z,} C Q and let u,, = k., /||k., ||. If A has the Pick property, then the following
statements are equivalent:
a) {zp} is an interpolating sequence for M 4.

b

) {un} is an interpolating sequence for A.
¢) {un} is an unconditional basic sequence in A.

(
(
(
(d) {un} is a Riesz sequence in A.

In many texts, {z,} is called an interpolating sequence for A when (b) holds.
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Proof. By the Kothe-Toeplitz theorem, (b), (c), and (d) are equivalent. Proposition 2 and the
inequality (9) show that if z, is an interpolating sequence for M 4 then (c) holds. Finally suppose
that (c) holds. To prove (a) it suffices to prove each finite subsequence of {z,} is interpolating with
uniformly bounded norms, by weak convergence of operators of the form M. Property (a) now
follows from the Pick property and the equivalence of (8) and (9).

We are interested in conditions on {k,} under which the converse to Proposition 2 is valid.

Theorem 8. Suppose that for every m > 1 and every a, ..., (up+1 € §2, the m-by-m matrix
< ko ko o >< k. ka, ., >
(17) 1 _ i m—+1 7 m—+1 Z 0‘
< Koy ka; >< Ko iys Koy >
Then given z1, ..., 2z, € Q and wy, ..., w, € C there is a p € M 4 with ||¢||m, <1 and p(z;) = w;
fori=1,...,n if and only if the n-by-n matrix
(18) {1 —ww;) < ks, ke, >} > 0.

Theorem 8 says that if (17) holds then A has the Pick property.

Nevanlinna’s approach to the finite interpolation problem in H* was to reduce the problem
of interpolation at n points to an equivalent problem at n — 1 points. See [M] for a proof of Pick’s
theorem along those lines. In the present case, we do not have a good description of the set of
functions in M 4 vanishing at a point of 2; thus this approach won’t work. Instead, notice that the
computation (7) says that the operator T defined only on the linear span of {k.,,i =1,...,n} by
T(k.,) = W;k., has norm 1 if and only if (18) holds. Akin to the usual proof of the Hahn-Banach
theorem, using condition (17) we will show that if z,,; is any other point in 2 then we can extend
condition (18) to an (n+1)-by-(n+1) matrix of the same form, by judiciously choosing w, 1. By
induction we can extend 7' to any subspace spanned by a finite collection {k.,,...,k,, }, with
m > n. Passing to a limit, this will give the operator M7 and hence .

Choose z,+1 € ! and write k; = k,, fori = 1,...,n+ 1. Let M, be the smallest closed
subspace containing ki, ..., kp, and let M be the subspace of M, 1 orthogonal to k,4+1. Then the
projection of k; onto M is

~ ' o < k‘j, k‘n_|_1 >
/ < kn—l—la kn—l—l >

n+1-
Define T on M,, and T on M by
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for j=1,...,n. For w € C, define an extension of T" to M, +1 by

wik; forj=1,...,n
Twkj =

Wkpy1 for j=n-+1.

Thus T = Py Tyl 5.

Lemma 9. The following are equivalent:
(i) IT|<1 and [|T]| <1

(ii) There exists w € C such that ||T,,|| < 1.

Proof. The ideas in this proof came from the preprint of Agler [Ag]. If (ii) holds, clearly ||T'|| <
|| T]] < 1. Since T = P Ty~

T[] = [Py Twl g1l < |Twl Il < [|Twll < 1,
proving (i). Now suppose (i) holds. Choose wg so that
Tyl = in |72

and suppose ||T,|| > 1. Choose A € My, so that A(k,11) =1 and A(k;) =0 forj =1,...,n.
Then

(19) wa = Twof + (w - wO)A(f)kn—i—l

Since T*T,, is self-adjoint, it has largest eigenvalue ||T*T, || = ||Tw||?>. Choose an eigenvector f,,
of TiT, so that [|fu]] =1 and < fu, fu, > > 0. Note that if T35 T, fi = |[Tw,|[>fi for i = 1,2,
with f1, fo linearly independent, then we can choose c¢1,cy € C so that f = ¢1f1 + cafo € M, and
[|fI| = 1. Then

|12 = |77 = |TTf]] = [| T, |I* > 1,

contradicting (i). Thus the eigenspace for T}, T, is one dimensional. If w, — wp and fy, — fo
then by (19), fo must be an eigenvector for T} T, with eigenvalue || T, ||?, and hence fo = cfu,
for some ¢ € C with |¢| = 1. Since < fu, fu, > > 0, we have c=1. This shows that {f,} has only
one cluster point in the finite dimensional space M, as w — wy, and hence

lim f, = fu,-
0

w—wW
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Since ||Ty,|| is minimal,

0 < | Tull* = 1 Twol* = [|Twfull® = 1T,
= T fuo + (w = wo) A(fu) k41 [[* = || T ||
< || Two |1 + 2Re(w — wo)A(fu) < knt1, Tuwg fw > +Hlw — wo*A(fu) Pl Ensal|* = [ Tuw,l?
= 2Re(w — wo)A(fuw) < knt1, Ty fu > +O(Jw — wp|?).
Write w — wo = re'?, with r > 0. Fix 0, divide the last line of (20) by r = |w — wg| and let r — 0.
We obtain
0 <Re eA(fuwy) < knt1, Twy fuwy >

for all § and hence

A(fwo) < kn-i—laTwofwo >=0.

Now if A(fw,) =0, then f,,, € M, and hence
L < [T 1 = 1T, T fuoo || = 17T fus || < 1T,

contradicting (i). Thus < k41, T, fuw, >= 0, and

[ Two|1? < kg1, fwo > =< kns1: Ty, T fo >=< Twoknt1, Two fuwy >

- ’w_() < k‘n+1, Twofwo >= 0

In other words, f,, € M and Ty, fu, € M, and so Ty, fu, = T fu,- We conclude that
TN? 2 |7 fuo |1 = Lo fuso |2 = [T * > 1,
contradicting the second assumption in (i), and completing the proof of the lemma. O

Proof of Theorem 8. The necessity of (18) is given by Proposition 2. Suppose now that (17)
and (18) hold. Choose z,+1 € Q. Note that by the computation (7), ||7|| < 1 is equivalent to
(18). Also

<ok >= ki — MenttFing

9

kn—l—l,n—l—l

so by the same computation (7), ||T]| < 1 is equivalent to

(21) {(1 — Wiw;) <k‘m - M)} > 0.
kn—l—l,n—l—l
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Let aj =25, j=1,...,n+11in (17). Then the matrix in (21) is the entry-by-entry product of the
positive semi-definite matrices (17) and (18) and hence must be positive semi-definite by Schur’s

Theorem [BCR, p.69]. By Lemma 9, there is a w41 so that the (n+1)-by-(n+1) matrix
{1 —ww;) < ks ke, >} > 0.

By induction, given any z,11,...,znm € 2 we can find wy41, ..., w,, so that the m-by-m matrix
{1 —ww;) < ks ke, >} > 0.

By choosing a countable dense subset {z,,} of €, this allows us to find an operator T" on the dense
subset of A, consisting of finite linear combinations of {k._}, with ||T'|| <1 and T'(k., ) = Wnk.,,
for m = 1,2,.... By continuity, 7" extends to all of A and T'(k,) = w,k, for each z € Q. If we
define ¢(z) = w,, then

T*f(2) = ¢(2) f(2)

for each f € A and hence ¢ € M 4, with ||p||am, < 1. a

We do not know if (17) is necessary for this process to work. However it is possible to show that
the one-step extension from two points to three points is possible for all 2-by-2 matrices satisfying
(18) if and only if (17) holds with m = 2. We leave this latter fact as an exercise for the reader.

The results above hold in greater generality than stated. Suppose that {k,}aca is a collection
of vectors in a separable Hilbert space H such that any finite subcollection is an independent set.
Let M be the space of bounded operators S on H with the property that each k. is an eigenvector
for S:

Ska = Aaka

for some A\, € C. We can regard each k, as a reproducing kernel by defining
() =<z, ko >

for all a € A. Then the adjoint of such an operator S corresponds to a multiplication operator:

—

M, = ot = S*x

where ¢ is defined by ¢(a) = A,.
It is natural to ask which eigenvalues can occur. Given aq,...,a, € A and A{,..., A, € C,

when does there exist S € M with ||S|| < 1 and Sk, = Aiks, for i = 1,...,n7 In other words,
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given ¢ defined by ¢(«a;) = A\;, i = 1,...,n, when can we find an extension of ¢ to all of A so that
the multiplication operator M, has norm at most 17 Without loss of generality, we may suppose
that finite linear combination of {k,} are dense in H. The results of this section up to this point,
then remain valid in this greater context. Proposition 2 gives a necessary condition. If (17) holds
then Theorem 8 gives a necessary and sufficient condition. There are many important contexts in
which reproducing kernel spaces arise besides analytic function spaces. See for example the seminal
paper [Ar] and the introduction [Hi].

We will now investigate conditions under which (17) holds. Suppose ¢, > 0 for n = 0,1, . ...
Define an inner product on analytic functions on the disk by

[ee]

1 _

n=0 "

when f(z) = > b,2" and g(z) = > d,2". Define

k(z) = i ez
n=0

Then k(@z) is the reproducing kernel at o € D for the Hilbert space Dy, of analytic functions with
< f,f>=||fl|? < co. For example, consider the function k°(z) = (1 — 2)™P, with0 < 3 < 1. In
this case, we will denote Dy by D”. When A = H?, as mentioned above, k(z) = (1 — z)~!. In this

case, it is easy to verify the identity
ki okj0 7
(1- 7228 = GICote),
ki iko,0

where Cy(2) = (2 —20)/(1 —Zpz) and hence (17) holds. Thus Theorem 8 gives another, albeit more
difficult, proof of Pick’s theorem.

Lemma 10. Suppose k is analytic in D with k(r) > 0, when r > 0, and k(0) = 1. Suppose further
that

[ee]

1
l1———= anz"
EERPY

converges in D and satisfies a,, > 0 for alln. Let k;(z) = k(Zz) and k; j; = k;(z;), for j =0,...,m.

{1 _ M} > 0.
ki koo

The conditions on k can be stated solely in terms of the coefficients a,, as: a,, > 0and ) a,, <1,

Then the m-by-m matrix

and thus can be used to define a k satisfying the hypotheses. Usually, though, we are given a kernel
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k and it is easier to check k(r) > 0 than to check the equivalent condition > a, < 1. Indeed, the

coefficients of k are all positive for the weighted inner products (22), and hence k(r) > 0 for r > 0.

Proof.

! 1_g«1+g_g L) () ()
kiokjo kijkoo koo \Kkio kjo koo ki kio  koo) \kjo koo

n_za e (- LY (L L
B " 0 j 0 ki,O k0,0 kj,O k0,0 ‘

Multiplying by bib_jk‘i,()% and summing over ¢ and j, we obtain

kiokj0
Z(“W) o k‘oozan

i?j

2

Zb

e
o i,0 kOO

Since a, > 0 and kg0 > 0, this proves the Lemma. O

Corollary 11. Suppose A is a Hilbert space of analytic functions on D with reproducing kernels
k(az), a € D, such that any finite subcollection is independent. Suppose further that k(r) > 0,

when r > 0 and
1 > .
= an?
SRy

is analytic in D and satisfies a,, > 0 for all n. Then A has the Pick property.

For 0 < 3 < 1 the reproducing kernels k°(z) = (1 — z) = clearly satisfy k(0) = 1 and k(r) > 0
when r > 0. The coefficients of 1 — 1/k? are

_BA=B)---(n-1-p)
Un = 1-2.-..n > 0.

By Corollary 11, D? has the Pick property for 0 < 8 < 1. When 3 = 1, kP is the reproducing
kernel for the classical Hardy space H?, and we obtain another proof of Pick’s theorem. Note also

that

KP(z)—1 1 1
2 lim — 2~ = -] = kp(2).
(23) P — ~log 7—— =kp(2)




The latter kernel gives the reproducing kernel for the Dirichlet space, D, the main topic of this

paper. However, we do not see a direct way to use (23) to prove the Pick property for D.

The following lemma of Kaluza is useful for verifying many spaces, such as the Dirichlet space,

have the Pick property. See [Ha, Ch IV, Theorem 22].

Lemma [Kaluza]. Suppose ¢, > 0, with ¢p =1 and

< <1
Cn—1 Cn
Let k(z) = >,°  cnz™. Then
1 oo
1———= anz"
i 2

with a,, > 0.
Since the proof is so simple, we record it here for the convenience of the reader.

Proof. That ¢,4+1/c, <1 just says that k is analytic on D. Write 1/k(z) = > b,2". Then
Cgbn + Clbn—l +...+ Cnbg =0

and

Cgbn+1 + Clbn +...+ Cn+1b0 =0.

Multiplying the first line by ¢, +1/(cnco) and subtracting it from 1/¢y times the second,

n
Cn—k [ Cna1 Cn—k+1
b1 =Y b ; - :
k

C Cp—
—1 0 n n—k

Since b; = —c1 < 0, by induction, b, < 0 and hence a,, > 0. O

For example if the coefficients 1/¢,, in the norm in Dy are concave:

1/cn—1+1/cns1 < 1
2 ~ ¢,

then by the inequality between the arithmetic and geometric means azb? < (a+b)/2, the coefficients

cn, satisfy the hypothesis of Kaluza’s lemma.

Theorem [Agler|. The Dirichlet space, D, has the Pick property.

Proof. As shown in section 1, ¢, = 1/(n+ 1). By Kaluza’s lemma and Corollary 11, D has the
Pick property. O
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More generally, since ¢,, > 0 for all n implies k(r) > 0 when r > 0, we have:

Corollary 12. Suppose ¢, > 0 and ci < ¢p—1¢n+1 and suppose Dy, is the Hilbert space of analytic

functions on D with inner product given by (22). Then the Dy, has the Pick property.

The space DP can alternately be described as the functions Y b,,2" such that

D (14 n) bl < o,
n=0
since ¢, is asymptotic to I'(3) "!nf~1. Note also that if we define the norm on Dg using the above,
we obtain reproducing kernels from
Zn
k(z) = —_—

n=0

In this case it is easy to verify that the hypothesis of Kaluza’s lemma hold. When 8 =0 or 1, in
other words in the cases A = H? or A = D, the norm is exactly the same as the one given by the
coefficients of k® and kp above. When 0 < 3 < 1, the above norms are different from the norms

given by the coefficients of k%, but D? still satisfies the Pick property by Corollary 12. Another

I i byz"
0

The hypotheses of Kaluza’s lemma fail in this case, but only when n = 1. If we modify the norm

‘ i byz"
0

then Kaluza’s lemma applies and D? has the Pick property. Yet another norm on Dj is given by

o

commonly used norm on D7 is

= (1 4%, [
0

slightly to be
4 B/2 0o
—(3) P+
1

2 [oe}

= (1 +n7)|bn|?.

n=0

By taking second derivatives in n, 14 n? is concave if 0 < 8 < 1, and so A again has the Pick
property under this norm. We remark that these spaces have been studied in a number of contexts.
Carleson gave a sufficient condition for a sequence to be a zero set of a function in D? in his thesis
[C1], and Shapiro and Shields [SS2] improved upon Carleson’s result. Stegenga [St| characterized

the Carleson measures for these spaces.
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We can use the norms
oo

17115, = D (n+1)"Pla,|?

n=0
for f = > a,2™, to give a more precise version of Proposition 6, when A = Dsz. We say that
B

Z C D is a zero set of a Banach space X of functions defined on D if there is a f € X with
Z={z€D: f(z) =0}.

Corollary 13. A set Z CD is a zero set of Dy if and only if it is a zero set of Mp,, 0 <3 < 1.
If zo ¢ Z let f € Dg be the function of least norm vanishing on Z and equal to 1 at zy and let
p € Mp be the multiplier of least norm vanishing on Z and equal to 1 at zy. Then f and ¢ are

unique, have zero set Z and satisfy

Richter and Sundberg [RS] proved a more general result than this theorem when Dg = D, the

Dirichlet space. They proved that the extremal function for any invariant subspace is a multiplier.

Proof. First consider the case when § = 0. Write

o) = [[17Pda
D

IfaeD\ Z and f € D, with f(a) =0, let

T(2) = f:ac; and ¢g(z) = et

Then |[g[r> = || f[| > and

p(g):p<i> :D<fOZT_1> <D (for ) =D(f).

T

Thus

I (20)9llp < llgllp < [|f]lp,

and so an extremal function for (15) with A = D vanishes only on the set Z.

Now consider the operator

defined on the functions in Dg which vanish at a, for 0 < 3 < 1. The operator 71" is bounded by 1
when 3 = 0 and when § = 1, and by an interpolation result of Stein and Weiss (see e.g. [BL]), T'
is also bounded by 1 on each Dg, for 0 < 8 < 1. Then

)21 <171l
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soif a € Z, f cannot be extremal. By the comments above, Dg has the Pick property under this

norm. The Corollary now follows from Proposition 6. O

As a consequence, the Pick condition gives a (albeit complicated) characterization of the zero
sets of Mp,.
We can give a Pick Theorem on the unit ball in C2, for example, by letting

1 n-+m —n—mn_n_m
hole) = gz = (),

m,n

where < z, @ >= z1@; + 29@> is the usual inner product. In this case the natural Hilbert space ‘H
for which these are reproducing kernels are those analytic functions f(z) = >_ apn m2}'25" on B? for

which

|an m|
The analog of the equality given just before Lemma 10 holds in this case. See Theorem 2.2.2 (iii)
n [R]. Thus (17) holds and the space has the Pick property. In this case My, # H since

c c

1(2122)™||Froe < n—||(Z1Z2) 17, < = [1(z122)" 13,y -

T
n2
The natural H? space of analytic functions with square integrable boundary values has a similar

norm with ("™ ) replaced by ("™ )(n+m +1). See Proposition 1.4.9 in [R]. We can thus view

the Hilbert space whose reproducing kernels are k,, as
H = {f analytic : (I + 20, + wd,)? f € H?}.

A similar result holds for the unit ball in C* where the usual H? norm is altered multiplying the
coefficients by (|c| + &k — 1)!/(|c|!(k— 1)!).

The Bergman space A? consists of analytic function on I for which

11|32 = /D |fI2dA/T < co.

The reproducing kernels are
1

ko(2) = ——.
o(2) (1—-1az)?

The space of multipliers is just H°°, with the usual sup norm, and it is easy to check that the Pick

property fails. For example, if z; = w; = 0 and z, = l , then the Pick matrix with the above kernel is

positive semi-definite if and only if |ws| < but Schwarz’s lemma says that H*° functions have

16’
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the stronger requirement that |wy| < 1. In this case, Siep [Si] has characterized the interpolating
sequences for A? and they are different from the interpolating sequences in M 42 = H*. Thus
statements (a) and (b) in Corollary 7 are not equivalent in this case.

If A is the Hardy space of analytic functions on the ball with square intergrable boundary
values, the (Cauchy) kernels defined on the unit ball in C? by

ko(2) = (1— < z,a0 >) 72,

are the reproducing kernels, and the multipliers are the bounded analytic functions. The same
example as used for the Bergman space shows that the Pick property fails. Similar examples can
be constructed in the unit ball in C*. The failure of the Pick Theorem for the usual H? kernel on

the ball and the polydisk in C* was proved by Amar [Am)].

85 Interpolating Sequences for Mp.
In this section we will prove Theorem 1, the geometric characterization of interpolating se-
quences for Mp. Suppose now that (4) and (5) hold. We will work first with harmonic Dirichlet

space. If u is harmonic on D, let

|Vu|? = [VRe u|? + |VIm ul?.

If
u(reie) — Zanr\n\eine
let
lullp =D (o] +1)]an|?

and define the harmonic Dirichlet space , Dy, to be the harmonic functions u defined on D for

which ||u||p < co. This norm can be rewritten as
27 ] 1
lul|2, :/ lu(ei®)2d0,/2r + 5//|vu|2dA/7r,
0
D

where u(e?) denotes the non-tangential limit of u at €, (a.e. df). Then Dy, is a Hilbert space on

D with reproducing kernel

1
Ko(z) = 2Re ko(2) — 1 =2Re — log -1,

—az
where k,(2) is the reproducing kernel for D as given in section 1. Note that k, = PpK, where Pp

is the orthogonal projection onto D. Write K,, = K.
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Theorem 14. If (4) and (5) hold, then K,,/||K,||p is an unconditional basic sequence.

Proof. We will show:

Claim. There is a constant C' < oo so that if u € Dy, is real-valued and if {t,} C R with |t,| <1

for all n, then there is a real-valued v € Dy, with v(z,) = t,u(z,) for all n, and ||v||p < C.

If the claim is true, then clearly it is true for complex-valued u, v, and t,,, with a larger C. If
we define the operator T on Dy, by T'(u) = v, then ||T*|| = ||T|| < C. Since T*(K,,) = t,, K, this

proves

[, [ (o) L= A= el

D
which proves Theorem 14.
There are an unfortunate number of arbitrary constants to be chosen in the proof, and it might
be best to list them here. Without loss of generality, we may suppose 0 < v < 1 in (4). Choose
a, B,e,m, A, p, and ¢ such that

0<fB<axl

It is possible to find such numbers by taking G very close to 1. The letter Cy will be reserved for
the inequality in Stegenga’s Theorem. The letter C' will be used for various constants, depending
at most on a, 3,¢,1m, A\, p,q and Cy. Finally note that we can throw away any finite number of z/ s
in the proof. One way we’ll exploit this is by tacitly assuming |z,| is “sufficiently close to 1” for all
n.

We now assume |z;1| < |z2| < ... and let w, = z,/|z,|, and define the sets

U,={2€D: |z —w,| < (1- |zn|2)°‘},
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and

Vi={z€D:|z—w,| <1 —|z,]*)"}.

Since 8 < a < 1 we have z,, € U,, C V,,.

Suppose n > m and V,, N'V,, # (0, so that
Wi — wa| < (1= [2m]?)? + (1= |2a?)".

Since |z,| > |zm| we have by (4) and (12)

(1= [zm*) (1 = |2n]?)

T-zap U~ |2n]*)7,
so that
(1= [2m)(1 = |2a)77 <1 = Z20 )
= [zml|2nl[wm — wal? + (1 = 2] 2n])?
<AL= [z + (1= [2m[2)? |
<5(1 = |zn]?)*
and hence

28—1

1= |22 <577 (1= |22 T < (1 |zml?)™.

In the last inequality, we used that |z,,| is “sufficiently close to 1”. In particular, if z,, € V,,, then
1= [zm| < lom —wn| < (1- |Zn|2)ﬁ <(1- |Zm|2)nﬁ < 27%5'(1 - |Zm|)nﬁa

which is a contradiction, since n3 > 1 and |z,,| is sufficiently close to 1. We’ve shown that

(24) Ifn>mand V, NV, #0 then (1— |z,]*) < (1~ |zm|?)"
and
(25) Ifn>m then =z, &V,.

Define functions

0 zeD\V,
1 zeU,
Pn(z) = 1— 2\p
o (1= L2l
|2 = wn| 2 € Vp\ Un.
~ A log ——
(OZ /6) Og1_|zn|2
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Lemma 15. Givent; € R, with [t;| < 1, there exists a; € R such that |a;| <3 and

oo
E a;p;
=0 o0

<2 and Zajgpj(zn) =t, for alln.
§=0

Proof of Lemma 15. By (25), ¢;(2,) = 0 if j > n so we can inductively choose a; € R such that

tn =Y ajpi(zn) = Y a;0;(zn)
=1 j=1

for all n.

Assume || Z 1 CL]<,0J||OO < 2. Since |t,| < 1 and ¢,(2,) = 1, we have |a,| < 3. If z € V,,,
denote by ny,...,ny those indices smaller than n for which z € V,,,. By (24) (1 —|z,|*) <
(1 —|zn,[*)" so that

= ‘Zanjv@nj (2)
1
<32 m PR

log1 ‘Z e (1

3 1 1
<
S G5 = o 2= Tog
J

‘Vi%@j(@

3Ch 1
— B (L= [zn[?)/

by (5). Hence for z € V,,,

600
—p

(27) (1—|z.]%)P % < 1.

Za]gp] Zn)

In the last inequality, we used that 8n > 1 > « and that z, is sufficiently close to 1. Thus if a,, <0

n n—1
Y ajpi(2) <D ajp,(z) <2
j=1 J=1

and by (27), for z € V,,,

n n—1
Zajgpj(z) > an + Zajgpj(z)
j=1 j—1
=ln + Z%% Z%% “n)
> —1- 1 = —2.
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So we've shown | Y77 ajp;(2)| < 2,if z € V,, and a,, < 0. A similar argument works if a, > 0. If
z €D\ V, then

n n—1
Y aiei(2)|= D ajp,(2)|< 2
j=1 J=1
proving Lemma 15. d
Now let o = 372 a;jp;.
Lemma 16. |Vp|?dA is a Carleson measure for the Dirichlet space D.
Proof. We will verify Stegenga’s criterion (3). Suppose E C dD is a union of finitely many disjoint

arcs I, ..., In. Denote by I~] the arc with the same center as I; and |I~]| = |I;|*. We may assume

that > |I;| is small, since ¢ is supported on UV, and all z,, are sufficiently close to OD. Define

Ni={j:V; c UiLiS(Iw)}

and
No = N\ N.
Then
// Vol dA<2//| Zajvm dA+2// S 4V, 2dA
(28) US(Ix) JEN

= I’I’Ltl + I’I’Ltg .

We first estimate Int;: Let n € Ny and let
S W’I’L = V’I’L \U{m6N1:m>n} Vm

The argument in (26) yields

3Cy 1
a;Vpi(z)|< ,
o VRO A
and hence
1
// S a4 Ve;(2) CIAG <2// 3C0 A +2//|3wn ) dA(2)
(1 — |zn|?)/n
JEN;
186’3 T 2 2(5_ / 187 1
<0 S (1 |z o/ 4
(a—ﬁ)22( [znl’) a—ﬁlogﬁ
367 1

o= Blog ;e
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since > a/n, and |z,| is sufficiently close to 1. Iterating this estimate we obtain

? 367 1
// E a;Vji(z)| dA(z) < —5 E [T —
v lieN @ smen 08 Tz, 2
n Vi NV #0

Let J,, be the arc on JD with the same center as V,,, yet 3 times as long as V,, N dD. Then the

above is
367 1
Ta-p = log 1—\1zn\2‘
zm€S<Jn)
36m 1 -1
< —Cp | log —————
“a-p0 0 <og Cap(Jn)>
1 1
<Cllog —— .
- <°g = |zn|2>
Hence 9
mi <23 [[13 06| da
neN; V., jeNl
—1
<03 (e =)
neNy
<C | 1 -
=~ B Og 1 . |Zn|2
ZTLGS(UI]C)

-1
1
< CCy | log——— .
Cap(UIy)

We’ll complete the estimate for Int; by showing

~ 1
(29) v(Ulg) = log ———— > C'1

— og —— = Cy(Uly).
Cap(Ul) — gCap(UIk.) (k)

The following Lemma is well known, but we could not find a reference.

Lemma 17. Suppose E C dD and y(E) = lim,_,, g(z, 00) — log|z| is the Robin constant for F.
Then

log 2 log4
%% (0,E,3D\E)< — 8%
log2 +~(E) — ! \E) log4+ ~(E)
where w(z, E,3D\ E) is the harmonic measure of E in {z: |z| < 3} \ E.

Proof of Lemma 17. By consideration of boundary values,

1
g(z, OO) _g(%v OO) = 1Og|2‘/|'
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Letting z — oo we obtain ¢(0, 00) = v(F). Now
o(z,00) = 1(B) = [ 1og 2 = Clan(0).
where p is a probability measure, and hence if |z| =3
log2 < g(z,00) —y(E) < log4.

By consideration of boundary values

log2 — g(z,00) +v(E)
log2 + v(E)

log4 — g(,00) +7(E)

< E 3D\ E) <
_W(Z, Y \ )— 10g4+7(E)

Lemma 17 now follows by letting z = 0, since v(E) = ¢(0, 00). O

We now continue our estimation of Int;. Using an explicit conformal map of C* \ I onto D

and making a easy estimate, shows that
w(z, I, 3D\ I) > C >0
for z € IA;; Thus if z € Eg then
w(z, UL, 3D\ UIl;) > w(z, I, 3D\ I;;) > C.

and hence

w(z,Ul;, 3D\ UI,) > Cw(z,Ul;, 3D\ UI),

for z € 3]D)\UI~]-. Letting z = 0 and applying Lemma 17, we obtain (29), since ) _ |I;| is small. Thus

1 -1

We now estimate Int, in (28). Suppose V; NS (1) # 0, but V; ¢ S(I,). Then since I, and I,

have the same center,
2\ L = Lo
21~ |5 = 1V; NRI> S5l = 1) > 5|0

Hence
1 C 1

! (@ =B)(1 =) log =i~ xl*M 7 log =72
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This shows that for z € S(I),

2 1

9C 1 ,
Z SCCO |Ik|2a)\/,3'

< _
- 2a\/B 1
|2 jem, 108 T

> a;Ve;(2)

JEN;

since |a;| < 3 and since (5) holds. Hence

/ Z a; Ve
S(Iy)

JEN:

2
dA < C|I,|?>~2*MB < C|I|,

since A < 3/(2a). Thus

1 —1
Inty < C|UI| < Ce "Wk < =C(log—— | .
e = CIUI = €T = 500 ~ % Gap(Ut)

Adding Int; and Inty, we obtain

1 -1
204 < C (log——— ) .
/ Velidd < C<0g Cap(UIk)>

US(Ix)

By Stegenga’s Theorem, |Vp|?dA is a Carleson measure for D, with constant depending only on

Co, o, B,7,¢€, A\, m, completing the proof of Lemma 16. O

Now suppose u € Dy, is real-valued. Then u = Ref, for some f € D and |Vu| = |f/|. By

Stegenga’s Theorem, Lemma 13 and Lemma 14,

//IV(sou)IQdA < C? //|Vu|2dA.
D D

Let u* be the boundary function of u and let P[p*u*] be the Poisson integral of the boundary
function p*u*. By the Dirichlet principle,

//IVP[w*u*]IQdA <C? //IV(gou)FdA.
D

Since ||¢]|s < 2, we see that
|Ple*u™][lp < Cllullp.

The estimate in the next Lemma will allow us to “correct” P[p*u*] so as to obtain v € Dy,

with v(z,) = thu(zy).
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Lemma 18.

ZIP [(2n) = thu(2n)| < Cllul|p.
Proof. Fix n and let
Wy =0D\ U,,
W2 =dDnN Unﬂ(Uj>an), and

W3 =0DNU, \UjsnVj
Let P, be the Poisson kernel for z,,. Then

kK 'L 'L 7 7 d9
Pl ~tuula < [+ [ 4 [ feeute) — tyule) P ()5
Wi Wa W3
= I’I’Lt1+ I’I’Lt2+ I’I’Ltg

Note that if I is an arc on dD then
/ Vul2(1 = 22)dA < 2|1 [[ull3,
S(I)

so u € BMO and for all ¢ < oo ||u*||; < Cyllullpmo < 6’;||u||p, by Fefferman’s characterization
of BMO (see [G]).

Estimate for Int; (on Wy = 9D\ Uy,):

Writing e® = w,, = 2,,/|2,| We see that

i 1- |Zn|2
Pz, () = 1 — 2|z | cos(0 — s) + |zn|?
1— |z, |?
~ (1= [2al®)2 + 2[2a](1 = cos(0 — 5))
1 — |zp|?

<
= 2|2,|(1 — cos(f — 5))’
and hence
df 7T dt
P, (e — < O(1 — |z,|?)? / < C(1 — |zn|2)P~@PD),
/Wl 2w (1=|2n|2)® t2p
Note that «(2 — 1/p) < 1. Thus

1—a(2—1 .
Int; < C (1= |22) Y7 ),

1-a(2—1/p)
< Cllullp (1 = |z[%)) :

1 -1
< Cllullp <log m) .
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Estimate for Inty (on Wy = 0D N U, N (UjsnVj) ):
By (24),if j > n and V; NV, # 0, then 1 — |z;]? < (1 — |2,|?)", so

U wnm)|s T 20—

ji>n ji>n
ViNUn#0 ViNUn#0

1 1

= X 20— 5P (1og1 2)1 ;

j>n - |Zj| 08 17,
ViNUn#0

L1
< Y 20— 5Pt

log 1—]z;]?

j>n
ViNUp #0

< Cp(1— |zn|2)n(6—€)_
Hence

/ Pzn(ew)”—de < O||P, [|BCo(1 — |2 |*)1P=) < C(1 — |2, |2)1P =977,
Wa 2T
and so

-1
1
Inty < C(1 = |zaf*)"7= /P~ |u*ly < Cllullp <log m) '

Estimate for Ints (on Wy = 0D N [U, \ (Uj>nVj)] ):

Since ¢(zp,) = ty, for z € ID N [Uy, \ (U5, V;)] we have by (26) again

tn — (2)] = | Z%@j(zn) - Z%’%’(Z)l
= | z_: a;jj(zn) — z_: a;jp;(2)]

3Ch 1

< 21_ n2a
— a—ﬁ(1—|zn|2)a/” ( |Z |)

< O(1 = Jz[2) 074,
Hence

Ity < €L |z Y0V e) < CP ) (lor 7= ) -

1 —|zp|?

Combining the estimates for Inty, Inty, Ints and summing over n yields

. 1\t . 1
zn:|P[<p u*|(zn) — thu(z,)] < C||u||DZ <log m) + ;PHU [1(zn) <log 1_ |Zn|2>

2 Z 1 1
T 2

< Cllullp +C

zn: Pllu*|](zn)? <10g ﬁ) i

< Cllullp + ClIPllu(ll[

< Cflullp-
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The last two inequalities above follow from (5') and the Dirichlet principle. This completes the

proof of Lemma 18. O

We now finish the proof of the claim stated at the start of the proof of Theorem 14. Shapiro
and Shields [SS2] proved that if

1 —1
log ——— < M
Z<Og1—|zn|2> =

then there exists g € D with g(z,) = 0, ¢(0) = 1 and [}, |¢/|*dA < C(M) where C(M) is a
constant depending on M. By (4), 1 — p?(2m, 2zn) < (1 — |2,]?)” and thus

1 Cy
log —————— < —
Z < gl—pQ(zm,zn)> N '7

m¥#n

Fix n. Then this estimate together with the result of Shapiro and Shields shows there exists g,, € D
such that

gn<@>:0 itm 4

1—Z,2zm

g,(0)=1 and

//|gn| dA < C.

We can also arrange that g,,(—z,) = 0. Define

Then fp,(2m) = 6m,n and ffD |f/|12dA < C. Since f,(0) = —gn(—25)/2n = 0, we have || fu||p < 2C,

as can be seen from the series expansion. Defining

W+ ) (tnulza) = Ple™u™)(zn)) Refy,

we see that v € Dy, is real-valued, with v(z,) = t,u(z,) for all n and ||v||p < C||u||p by Lemma

18, proving the claim and finishing the proof of Theorem 14. O

We now prove our main result.
Proof of Theorem 1. Suppose (4) and (5) hold. As above, let k,, = k., and K,, = K, . By
Theorem 14, {K,/||K,||p} is a (UBS), so by the Kéthe-Toeplitz Theorem, it is a (RS). We will
use this fact to show that k&, /||k,|| is a Riesz sequence (RS).
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One inequality is now easy. Let Pp be the orthogonal projection onto D. If a,, € C, then

k K,
HZ“"Hk |‘: Po ) on

since {K,,/||K,||} is a (RS) and || K, || ~ ||kn||-

For the opposite inequality, write «,, = a, + tb,, with a,,b, € R. Replacing a,, by Aa,
with [A\| = 1, we may suppose Im) a,/||k,|| = 0. If f is analytic and Imf(0) = 0, then
|[f[lp = [[Ref||p. Thus

k. |I? < Rek, Imkn>
p—r| =
HZ ||kn 2 Wenll " lenl]

Imk‘ < Rek,,, Imk,, >
= -2 amb
2 2 IS
Now
Rek, |[|> 1 K +1]|°
HZ“”Han =327
1 K K, 2
=3 +<Z“”||kn||>(0)
(30)
> 1 Z K |*
= 2| & k|

> é Z |an|2a

since |[u+u(0)||? > [|ul|?, as can be seen from the norm expressed in terms of the Fourier coefficients.

Since Y b, /||knl| = Im > oy, /||kn|| = 0,

o

2 1 )

-zt

by (30).
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For the cross terms, note that
Imk, (zp,) =< Imk,,, K, >= 2 < Imk,,, Rek,, >,

since Imk, (0) = 0. When ¢ = €%, the elementary estimate |$Im <%log(1 - C)) | <5 holds, and

hence the same inequality holds for all { € D. Thus
1
| < Imk,,, Rek,, > | < §|Imk‘n(zm)| <5,

and so

< Rek,,, Imk, >‘ < 1 ) < 1 )
CLWLbn S ) Am | 777 17 bn TR
‘Z el Tl 2ol )22 Pl

1

<5(Llen)” (S ) 3 (10 ﬁ)

By throwing away finitely many z,, we may assume that

S (lg— ) <L
RCERPNE 10C°

where C' is the constant appearing in (30). Thus

e 2 LS ol ) - 10 (S k) (S )

N=

S (o)
RGP

> % [Z (lanl® + 1bal*) - (Zmﬁ)é (> lbn|2)%]
> % Z (|6Ln|2 + |bn|2)

= % Z | |?.

Thus &, /||ky|| is a Riesz sequence. By Agler’s Theorem, D has the Pick property. By Corollary

7, {zn} is an interpolating sequence for Mp.

Now suppose {z,} is an interpolating sequence for Mp. As noted previously, by Stegenga’s

theorem, (5) is equivalent to

5.,
2 [k 2
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is a Carleson measure. In other words,

M oI<,

for all f € D. This is exactly the lower estimate of the norm in (SS). Thus by the Corollary 7, if

ko, flzn)|?
T >'2:Z|||(k:n||)2| < Cliflio

{2z, } is an interpolating sequence for Mp then (5) holds. To interpret (4), we prove the following
elementary lemma.

Lemma 19. There is a constant v > 0 so that

(31) 1= p%(2ny 2m) < (1= |2,|?)" foralln #m

if and only if there is a ¢ < 1 so that

(32) '< —>' < o for all n # m.

Proof of Lemma 19. If (32) holds, then since 2ab < a? + b?, we have

N=

1 1 <92 ( 521 1 1 1 Py LI 1
_ e —— R Ee———— o 10 O .
AT Pl el R P P BT o) =7 BT T BT

Exponentiating, we get
1 1 1

1 =Znzm[* = (L= |2a]?)7" 1= [zm|*

Together with (12) this gives (31) with v = 1 — 2. Conversely suppose (31) holds and without loss
of generality, suppose that

ol < log

1 .
o8 1= [2n]?

By (12) and (31)

1
(33) log <(1—7)log [ppE + log

1 —Znzm|? — 1—|zm|?

Note that if 0 < a < b < (1+7)a, then (1 —~)b+a < (2—~2)azbz. Thus if

then by (33)



If

then

< log
1 — |zn||2m]

1 \? 1 7 1 7
<(— ) (1og——) (log—— ) .
_<1+7> <0g1—|zn|2> <°g1—|zm|2>

Since | arg(l — Z,z,)| < /2, if 1 — |2,]? and 1 — |2,,|? are sufficiently small then

1

1 1 1 z
loc—— | <o (log———— log ———

Ogl—zzm‘_0<og1—|zn|2> <Og1_|zm|2> ’

for some o < 1. This gives (32) for n and m sufficiently large. Since the inequality (32) is obviously

1 — |zm|

N

true for any fixed z,,, (32) holds for all n and m with n # m by increasing o slightly. O

If {z,} is an interpolating sequence for Mp then for each pair z,, z,, with n # m we can find

an f € Mp so that f(z,) =1, f(zm) =0, and ||f||mp < C. If ¢ = f/C then and Corollary 3,

[ m [

kn,nkm,m

1/C<1-

which is exactly (32) with o = (1—1/C)z. Thus by Lemma 19, if {z,} is an interpolating sequence
(4) must hold. This completes the proof of Theorem 1. a

The next Corollary follows immediately from Corollary 7 and Theorem 1.

Corollary 20. A sequence {z,} is interpolating for D if and only if both (4) and (5) hold.

If z,, € (0,1) — 1 then a standard estimate using (12) shows that there is a constant o < 1 so

that

(1= 2zn11)7 < (1= 2zy)
for all n if and only if both (4) and (5) hold. This yields the following Corollary.

Corollary 21. If z, € (0,1) then z, is an interpolating sequence for Mp if and only if there is a

constant o < 1 so that

(1= 2zn11)7 < (1= 2)
for all n.
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We can now answer Axler’s question (i) by noting that for o < 1,

—n

Zn=1—07

satisfies the hypotheses of Corollary 21 and hence is interpolating.
Since the inequalities in (4) and (5) are harder to satisfy if we replace z, by |z,| for all n, we

can answer Axler’s question (ii).
Corollary 22. If {z,} CD and if there is a constant o < 1 so that
(1= [znt1])7 < (1 = [2n])

for all n, then z, is interpolating for Mp.

By Corollary 21, the growth rate in Corollary 22 is best possible.

There is a sequence {z,} which is not interpolating for Mp, yet there are functions ¢, € Mp
with ¢ (2m) = 6n,m the Dirac delta function, and ||¢,||m, < C. To see this, we first give a

sufficient condition for the existence of such functions.

Proposition 23. Suppose A is a Hilbert space of analytic functions onD with reproducing kernels
k(az) which satisfy the hypotheses of Corollary 11. Let k; ; =< k;,, k., >, 4,5 =0,1,2,..., and

suppose

oo |k |2 —1
=] (1- = :
¢ 11_[1 < ki,ikO,()) <o

Then there is a ¢ € M 4 with ||¢||m, < C, ¢(20) =1, and ¢(z;) =0, for j =1,2,....

Proof. By Corollary 11, A has the Pick property. Fix m and let
My = {kij}ig=1...m

and
My, = {kij}ij=0,..m
If wy =wy =...=w,, =0 then the Pick matrix
Py = {1 — ww;)ki j}ij=0,..m
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satisfies

det P,,, = det M, — |wo|*ko o det M,,.

Thus there is a ¢, € M4 with |[@m||m, < 1, @m(20) = wo, and ¢, (2;) =0, j =1,...,m if and

only if

det M?
34 P ——E—
(34) wol’ < oo

for p=1,...,m. As in Shapiro and Shields [SS2], subtracting k; o/ko.o times the first row of MY,

from the it" row does not affect the determinant. Thus

kiokjo
i (-4
0,0

Since

k

i?j -

kiokjo L [ _ k‘i,o%]
ko.0 d ki jkoo |’

by Lemma 10 and a result of Oppenheim|[O],

m k |2
det M2 >k M,, = JRiol” )
€ m = 0,0 det Zl_[l < k}i,ik‘g,g

Thus if

lwo|? < ﬁ <1 kil )
Bt ki iko,o

then there is a ¢ € M 4 with ||¢||m, < 1, ¢(20) = wo and p(z;) = 0, for j =1,2,.... This easily

implies the Proposition. O

We remark that the determinant conditions (34) characterize the zero sets of Mps by Corollary
13, though it is difficult to extract more geometric information than the sufficent condition of the
Proposition. In the case of A = H?, the conditions (1) and (2) can be stated in terms of the
product C, by interchanging the role of zy and each z, (see (14)).

Example 24. There is a sequence {z,} C D, C < oo, and functions ¢, € Mp with ||¢,|| < C
for all n, and ¢y, (2m) = Op,m, yet {z,} is not an interpolating sequence for Mp.

Here 6,, ,, denotes the Dirac delta function which equals 1 if m = n and equals 0 if m # n.
Proof. As in [St] we construct a Cantor-like set. For m > 1, E,,, consists of 2™ intervals of length
e 2" Let Ey = [0,e~!] and let E; consists of two intervals [0, e"2]U[1 —e ™2, 1]. In other words, we
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removed an open interval from the middle of Ey so that the remaining intervals have length e=2.
Form F,, from F,,_; by removing an open interval from the middle of each interval in E,,_1 . The

removed intervals are chosen so that each interval in E,, has length e=2". Fix m, let r =1 —e2"

and let z, = re'" where 6, is the center of the n-th interval in E,,, for n =1,...,2™.

Then by fairly straightforward estimates we have

and

1 -1 1\
E log ——— < {log —
1 — |2n| 1]
zn€S(I)

for all arcs I € dD. We also have that

However, (see [St]), Cap(E,,) — 0 and hence

1

.
log Cap(E,)

In other words, the sequences satisfy (4) uniformly and satisfy (5) uniformly for intervals, but do
not satisfy (5) uniformly for all finite unions of intervals. By rescaling the initial interval Fy, and
taking a union over a subsequence m;, we obtain a sequence {z,} which does not satisfy (5), and

hence is not interpolating, yet

(35) > <log 1%%0 - <2 <log ﬁ) -

zn€S(I)

To prove the example, it suffices by Proposition 23 to show

(36) sup

Let I,,, be the arc on dD with center z,,/|z,,| and length 2(1 — |z,,|). Then for z; € S(I,,,) we have

1 1
log ——| < C1 :
| Ogl—Z_ZZm|_ Og1_|zm|2
for some universal constant C' < oo, and hence by (35)
log 7= 1 1
1 | - 1—12’4,Zm| - SCIOgﬁ Z 171§2C
2e5(1) OB Tz 08 Tz, 12 — 2| 2eS(Un) 08 Tz
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Let I¥ be the arc with center z,/|zm| and length 2(1 — |2,,|)/2", for k = 1,2,.... Then for
2 € S(IK)\ S(IF*~1) we have

1 < ¢ 1 1
BT Fem| = 2 BT
and hence by (35)
> log 7=/ C
> Y sy
log ———=log —— 2
F=laesp\sy o sl TR A
proving (36) and completing the proof of the example. O
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